Assignment 2: Solutions
Due Friday, January 31, 2025

John McCuan
February 2, 2025

Problem 1 Draw the set
{x+he;:|h] <} CR"
when
(a) n=2,x=(2,1) and 6 = 1/3.
(b) n=3,x=(1,0,1/2) and 6 = 1/4.
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Figure 1: I, = {(2,1) + hey : |h] < 1/3} and I, = {(2,1) + hey : |h| < 1/3} in R?
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Figure 2: I} = {(1,0,1/2) + hey : |h| < 1/4}, I = {(1,0,1/2) 4 hes : |h| < 1/4}, and
I = {(1,0,1/2) + hey : |h| < 1/4} in R®



Problem 2 (convexity) Recall the following definition: A function f : (a,b) — R is
convex if the inequality

S =)y +twg) < (1=1) f(21) + [ (22) (1)

holds whenever z1, 25 € (a,b) and 0 <t < 1.
Show that if f is convex, then

lim f(z) = f(zo)- (2)
T—T0
Hint: Assume there is some € > 0 and a sequence of points x1, x2, z3, ... with z;  x

and f(z;) < f(xo) —e. If you can get a contradiction out of this, it means

Jim f(z) = f(zo).

What does (2) tell you about convex functions?

Solution: The details of the suggested proof may be found in my solution of Problem 4
of Assignment 1. I will give a somewhat different and more direct proof here:
I proceed to establish some inequalities. Let
_a+xg To+0b

a = 5 and b= 5

It is very easy to see that a < a < f < b. If a < & < xg, then taking

r—«
\ =
Ty —
I have . .
—x —«
(1= Na+ Az = = a+ Ty = .
o — & o — &

Therefore by convexity

flx) < (1= A)f(a) + Af(xo)

To— T

= o) + 2227 (0) — S
= o)+ ALy ®)



Next, let

To—T B — xg
= that 1—-A=
5—:13' SO a 5—:13'

In this case, we have by convexity

fwo) < (1= A)f(x) + Af(B)

A

and (1 =Xz + A3 = .

1
flz) = m[f(ffo) — Af(B)]

- sy T

o =R

— fa) + O o g, (@)
Combining (3) and (4) we have

o) + POZTEN ) < @) < o 4+ LT
and
HO 2T ) < ) - f(wg) < LD oy
and
—Mlz — x| < flx) = fxo) < Mz — o,

that is

[f (@) = ()| < Ml — x|
for

M — e { ) = S0 15(a0) = f(0)
b — xg To — Q
and a < x < zy. For o < x < 3, we can similarly establish that
|f(z) = fzo)| < M|z — o]
for the same positive constant M. See Figure 3 for an illustration of the inequality

f(:zo)—f(a)(x_zo) < (@) §f(:£o)—|—f(ﬁ)_f(:m)($—fo)

To — Q b — xg

f(zo) +

for zog <z < f.
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Figure 3: Bounds on f(z) for zp < x < f.

Finally, letting € > 0 be arbitrary, we have that if

€

M?

|z — xo| <
then fora <z < f3

1f(x) = flzo)| < M|z — x| < M % —c

We conclude f is continuous at xg.
Here the constant M does not depend on x but does depend on a, b, and x.



Problem 3 Review the definitions in Problem 8 (continuity) and Problem 9 (differ-
entiability) of Assignment 1. Show that if a function f : (a,b) — R is differentiable
at a point x € (a,b), then f is continuous at .

Solution: Let € > 0. By differentiability there is some §; > 0 so that

flx+h) - fx)
h

— f'(z)| <e  whenever  0< |h| <é;.

Notice that this inequality implies
[f(z+h) = f(z) = hf'(x)] < elh],
and if we relax the strict inequality, we can say
|f(z+h)— f(x) — hf'(z)] < €|h) whenever |h] < 01.

In particular, if

. 1 €
=l <6 = min {05, 50y |

and we take h = £ — h with | — h| < §, then

[f(€) = f(@)| = [f(z+h) — flz)]
=[f(z+h) = f(z) = hf'(x) + hf'(z)]
—flx)=h

< |f(a+h) — f(z) — hf'(@)| + | (@)
< e[n| + [l f/(h)]
1 € ,
< 3t aayp@y W
<§+§

This shows f is continuous at z.



Problem 4 Draw a picture of the graph
G ={(z,y,ulz,y)): (z,y) € A}
where A = (0,1) x (0,2) is an open rectangle and
u(z,y) =1+ 2°.
Draw in red the curves
{(1/2+¢t,L,u(l/2+1,1):0<t<1/2} CG

and
{(1/2,1+t,u(1/2,1+1¢) e R*: 0 <t < 1/2}.

[lustrate the (two) difference quotients

12401 —u(1/2,1) o u(l/2,14h) —u(1/2,1)

h h
for w at (1/2,1) with h = 1/4.
Solution: Write
D= {(1/2+t1,u(l/2+,1):0<t<1/2}

and
Dy ={(1/2,1+t,u(1/2,1+1) e R?:0<t<1/2}.



u(1/2 +1/4,1) — u(1/2,1) | (/2,14 1/4) —u(1/2,1) = 0

Figure 4: The graph G with the curve I'; and T’y (left). The z-difference quotent
(middle). The y-difference quotient with zero increment in the codomain (right).

Note that T's is a horizontal segment and the codomain increment is u(1/2,1 +
1/2) —u(1/2,1) = 0.



Problem 5 Give an example to show that the existence of the partial derivatives

ou, . .. u(x+hej) —u(x)
o, ) = i h

for each x € R" and each j = 1,...,n, i.e., partial differentiability, does not imply
continuity (when n > 1).

Solution: Consider the function u : R> — R with values given by

24 62202 1yt
’ 1, (z,y) = (0,0).

It is clear that
ou ou

%(I,y) and a_y(zay)

exist when (z,y) # (0,0) since in this case the denominator (z* + y?)? is nonzero,
and the local expression for the function is entirely nonsingular. When either x = 0
or y = 0, there holds

u(z,y) = 1.
Consequently,
0, 0) = tim U0 =000 _ g 20, 0) = g MO0 = U000
ox v—0 ) dy v—0 v

Thus, this function has well-defined partial derivatives at every point (x,y) € R
On the other hand, if x = y # 0, then

u(z,y) = —4

In particular,
lim u(z,z) = —1 # u(0,0) = 1.

z—0

Thus, u ¢ C°(R?).



Problem 6 (increments and tolerances; Boas Problem 4.4.1) Consider f : (0, 00) —
R by

Note that
fla+h)—flx) 3

/ 9 9
fla) = }IL—% h ot
(a) Given z > 0 and a tolerance ¢; > 0, find a tolerance ¢; > 0 so that
h) — 3
0<|hl < implies fla+ i)z /(@) + | <e (5)

Hint: Assume §; < min{x/2, 0} where 0 is some other number. Use the estimate
01 < z/2 to simplify the “extraneous” algebraic expression you obtain from
simplifying the quantity to be estimated in (5). Then determine how small you
need to make 0. Your answer should depend on ¢; and .

(b) Given z > 0 and a tolerance ¢, > 0, find a tolerance &, for which

1 1
m—g < €p. (6)

Hint: Use the same approach as in part (a); but this one is easier.

0 < |h] <o implies

(c) Say you can’t pick the tolerance d in part (b), but you are stuck with |h| < 6y =
1. What is the best tolerance ¢, you can get in (6)?

Solution: Let’s just start by having a look at the difference quotient

flx+h)— f(z) 1 1 1\  h*+3zh+ 322
_<(:B+h)3_?)__ x3(x+h)d

h h
Thus, if we take the difference we have

flx+h)— f(x) N 3 3(x+h)® —ah® - 3a*h — 327
h rt z(x + h)3
h(62* + 8zh)

z4(x + h)3

= 2 s _ &

B 22(x+h)3 a3z +h)3)’
and for part (a) we want to take h small so this is smaller than some specified
increment €.

10



(a) The hint suggests taking |h| < z/2, and we can see immediately that this gives
some relief from those denominators, since this means
1 2

a:+h>£>0 and 0< — < —.
2 r+h

With this estimate we have

flet+h)—flz) 3

. 24 3201
h x4

16/
< 2|h| (E = ): —5 (3 + 4[]

Again using |h| < x/2 we can simplify this to
fath) - 1@ | 3|

h x

16(5)[ |

o

Clearly, then if we have
5
‘h‘ < 51 = min {g, % 61}
then there will hold

< €.

‘ﬂx+m—f@)

L3
h x

(b) Here we are asked to estimate the simple difference |f(x + h) — f(x)], so I can
multiply the expression in (7) by h to get

B
(x +h)> a3

56|h|

4

h? + 3z |h| + 32*
; (8lhl) <

as long as |h| < /2. Thus, taking

4
‘h‘ < 0y = mm{%,% 61}

gives the desired conclusion. The restriction |h| > 0 is unnecessary in this case.

(c) This is rather harder if we really want the best possible tolerance. The point is
that the expression

1 1

Ry
(x+h)3 a3

3

h? + 3xzh + 322
(x + h)3

a(h) =

11



should have a maximum value for some h with |h| < 1. This maximum value
is the best tolerance for which we can hope if we only know |h| < 1. It’s just a
calculus problem of course. For h # 0 and h # —x we have

ol (h) = h(2h + 3x) + h* + 3zh + 32> 3h(h* 4+ 3xh +32%)  3a?
B (z + h)? (z + h)* (xRt

Since this derivative doesn’t vanish, we can consider (mostly) the boundary
values h = +1. We find

C3a® -3 +1
3z —1)3

_3:172—|—3x+1

a(—1) = and a(l) = TP

Notice that if x gets close to x = 1 with x < 1, then the expression for a(—1)
tends to +o00. This looks like trouble for a maximum value.

Returning to the original expression when x = 1, we have

1 1
h)=|——1[> —1
a(h) '(1+h)3 '—(1+h)3
and
N TRy~ T

Thus, if x = 1, all bets are off. That is to say one can’t get any finite tolerance
whatsoever in (6). This same problem persists for any x with 0 < = < 1,
because then the original expression has

1 1

lim |—— —
- (x+h)3 a3

hN\—x

= +00.

If on the other hand, x > 1, then we should be able to get a tolerance. In that
case,

3 +3x+1 32 —-3x+1 | 32*+1

1) —a(-1) = = >0
a(l) —a(=1) (x4 1)3 + x3(r —1)3 (2 —1)3 ’
" 322 +3 1
o+ oxr +
=22 T
a(l) x3(x 4+ 1)3 =0

12



is the maximum value, and this is the tolerance we can expect: If x > 1, then

1 1

1 322 + 3z + 1
(x+h)3 a3

3z +1)3

if |h| < 1. If you can have h = 1 as I've written, then you can have equality

322 +3v+1
- (r+1)3 7

ot
(x+h)3 a3

so if you really want an estimate like (6) with strict inequality, you can take
any number €, with
322+ 3z +1

(x4 1)3
Technically, in this case there is no “best” tolerance in (6). On the other hand
(6) itself contains the hypothesis |h| < dp, so probably what I meant to say in
part (c) is that you are stuck with |h| < 09 = 1 instead of |h| < §y = 1 (which
is what I actually typed). In any case, the solution above hopefully makes the
overall situation clear and might even be correct.

€y >

13



Problem 7 A function f : C — C with real and imaginary parts expressed as
functions u,v € C?(R?) so that f(z +iy) = u(x,y) + v(z,y) i is said to be complex
differentiable at z = x + iy € C if

o) =t TEED =)

 hS040i h

exists. Show that if f is complex differentiable at every z = x + iy € C, then the
functions v and v satisfy

@ + @ =0

ox?  Oy?
and

o o

ox?  Oy? '

Hint: Take the limit first in the special case where h = ¢ € R. Then take the limit
in the special case where h = € 7. In each case you should get answers involving first
order partial derivatives of u and v. Because the answers you get look different, but
according to the definition of what it means to be complex differentiable must be the
same, you should be able to obtain some interesting relations among the first partial
derivatives.

Solution: First we take the limit of the complex difference quotient with increment
h + ik = h € R keeping in mind the one-to-one correspondence ¢ : C — R? with

P(x+iy) = (z,y):
() = lim f(z+h) = f(z) — Lm u(z + h,y) +iv(z + h,y) — u(z,y) —iv(z, y)‘

h—0 h h—0 h

After algebraic rearrangement and taking the real limits, we find

f'(2) = ua(z,y) + iva (2, y). (8)

Next, we take the same limit with a purely complex increment h + 1k = ik:

F(2) = tim YU HR) 0@y + k) —u(ey+ k) — iy + k)
k—0 ik

_ %[uy(aj,y) + vy (z,y)]

= Uy(ZL', y) - Z.uy(:l% y)

14



because 1/i = i/(i*) = —i. Equating the two expressions for f’(z) we see
Uy + 10y = Uy — Uy,

Further equating the real and imaginary parts gives the Cauchy-Riemann equations

Uy = Uy
Uy = —Vy.

Since u, v € C%(R?), there is no problem taking second derivatives:

{ Uz = Ugy and { Ugy = Vyy

uxy = _,U:L‘:L‘ uyy g —'ny‘
The first and last equation give

Upy = Vgy = —Uyy or Au = 0.

Similarly,
AV = Vyy + Uy = —Uygy + Ugy = 0.

15



Problem 8 (Exercise 1.26 in my notes) Recall the following definition:

Definition 1 (differentiability for a function of several variables) Given an open set
UCR"and u: U — R, we say u is differentiable at p € U if there exists a linear
function L : R™ — R such that

u(x) = u(p) = L(x = p) = o(|[x — pl|)

as X — p. The notation on the right here is read “little-o of ||x — p||.” It means the
limit of the quotient of u(x) — u(p) — L(x — p) and ||x — p|| is zero as x tends to
p, or more properly for any € > 0, there is some 0 > 0 such that

u(x) —u(p) — L(x — p)

0<|[x—p|<d  implies <e.
Ix —pl|

Show differentiability implies partial differentiability. Hint: One way that x can limit
to p € U is in the form x + he; as h tends to zero.

Solution: First let L = L(e;). (This is called an “abuse of notation” because I'm using
L to mean two different things here. On the one hand, L : R" — R is some linear
function. On the other hand, I've decided to let the symbol L represent one particular
value L(e;) € R. We'll have to be a little careful to keep track of the meaning as we
read the solution. A safer and perhaps better way would be to introduce a different
symbol and write something like ¢ = L(e;) € R or M = L(e;) € R. What I'm doing
can be dangerous...real “living on the edge” for a mathematician.)
For any € > 0 there is some 6 > 0 so that

u(x) —u(p) — L(x — p)
[x — pl|

0<|x—p| <9 implies

<

In particular, if we set x = p + he; and 0 < |h| < J, then we should have

u(p + hey) — u(p) — L(he)
|hel|

< €.

Since L is a linear function L(he;) = hL(e;) = hL. Also, ||he1| = h, so

u(p + hey) — u(p)

—L
h

<€

16



whenever 0 < |h| < §. This is exactly what it means for the limit

ou . u(p+hey) —u(p)

to exist.

There is nothing special about e; in this argument. We could just as easily have
used e; for any j = 1,2,...,n in place of e;. Thus, if u is differentiable at p € U,
then

ou

= a—xj(P)

exists for every j = 1,2,...,n. Thus, u is partially differentiable at p.

Uy, (p)

17



Problem 9 (partial derivatives in Problem 7 above) In Problem 7 above you should
have noticed that the partial derivatives of u are given by

ou

Dz

(p) = L(e;)

where L = dup, : R® — R is the differential map. What does this tell you about
the linear function L = du,? Hint: What do you know about a real valued linear
map L : R" — R (from linear algebra)?

Solution: A linear map L : R™ — R is given by a dot product
L(x) =x-w. 9)

This is a special case of what is called the Riesz representation theorem. Furthermore,
hopefully you remember from linear algebra that the vector w has components/entries
given by the value of L on the standard unit basis vectors. That is in this case

w = (L(e1), L(es), ..., L(e,)).
Since

L(e;) = o

— 8—%
we see the vector w is the vector containing the first partials as entries, that is the
gradient vector Du. We conclude

L(v)=Du-v.

In words, the linear map L is the dot product with the gradient.

18



Problem 10 Note the following:

(i) In Problem 5 above you showed partial differentiability does not imply continuity.

(ii) In Problem 8 above you showed differentiability implies partial differentiability.
Can you show differentiability implies continuity?

Solution: We should be able to adapt the solution of Problem 3 above to higher
dimensions. We need one additional estimate: Recall from Problem 9 that

dup(v) = Du(p) - v.
The Cauchy-Schwarz inequality than implies
|dup(v)| < [Du(p)]|v| (10)
which is an estimate that holds for all v € R™.
Let € > 0. By differentiability there is some ¢; > 0 so that
u(x) —u(p) dup(x —p)
x —p| |x — P
Notice this inequality implies

<€  whenever 0< |x—p| <.

|u(x) — u(p) — dup(x — p)| < €e[x —p|,
and if we relax the strict inequality, we can say
|U(x) —u(p) — dup(x — p)| < €|x — p| whenever |x — p| < ;.

In particular, if

. 1 €
el <0 = min {05 o)
then
[u(x) — u(p)| = |u(x) — u(p) — dup(x — p) + dup(x — p)|
< [u(x) — u(p) — dup(x — p)| + |dup(x — p)|
<¢€lx —p|+|Du(p)| [x —p

1 €
3 sy oa) PP

_l_

<
<

IS NN e Y
DO

This shows u is continuous at p.
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