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Abstract In this paper we consider the Cauchy problem for the heat equation with a non-
negative potential decaying quadratically at the space infinity and investigate local concavity
properties of the solution. In particular, we give a sufficient condition for the solution to be
quasi-concave in a ball for any sufficiently large t , and discuss the optimality of the sufficient
condition, identifying a threshold for the occurrence of local quasi-concavity.
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1 Introduction

Consider the Cauchy problem for the heat equation with a potential,

{
∂t u − �u + V (|x |)u = 0 in RN × (0,∞),

u(x, 0) = ϕ(x) in RN ,
(1.1)

where ∂t = ∂/∂t , N ≥ 2, ϕ ∈ L2(RN , e|x |2/4dx), and V is a smooth nonnegative function
behaving like

V (r) = ωr−2(1 + o(1)) as r → ∞ (1.2)
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330 D. Andreucci, K. Ishige

for some ω ≥ 0. More precisely, we assume the following condition on the potential V : there
exists a nonnegative constant ω such that⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

(i) V = V (|x |) ∈ C1
(
RN
)
,

(ii) V (r) ≥ 0 in [0,∞),

(iii) lim sup
r→∞

rκ
∣∣V (r) − ωr−2

∣∣ < ∞ for some κ > 2,

(iv) lim sup
r→∞

r3|V ′(r)| < ∞.

(V)

Then, Cauchy problem (1.1) has a unique solution u in the function space

X := L∞ (
0,∞ : L2

(
RN
))

∩ L2
(

0,∞ : H1
(

RN
))

(see for example [14] and [15]). In this paper, under condition (V), we consider the large time
behavior of the solution u and investigate local (spatial) concavity properties of the solution
u.

The study of concavity properties of solutions of parabolic equations is a classical subject
and has been studied extensively by many mathematicians (see for example [1–9], [16–
26], and references therein). Among others, in [6], Brascamp and Lieb proved that, for any
nonnegative solution u of the Cauchy problem for the heat equation,

∂t u − �u = 0 in RN × (0,∞), u(x, 0) = ϕ(x) ≥ 0 in RN , (1.3)

u(·, t) is log-concave in RN for all t > 0 if the initial function ϕ is log-concave in RN . This
preservation of log-concavity holds for the Cauchy–Dirichet problem of nonlinear parabolic
equations of several types in strictly convex bounded domains (see for example [9] and [22]).
Furthermore, if ϕ is supported in the ball of radius R > 0, then the solution u(·, t) of (1.3)
is log-concave for all t ≥ R2/2 without the log-concavity of the initial function ϕ (see [24]).
In addition, it is known that the quasi-concavity, that is, the convexity of superlevel sets of
the solution, is not preserved by heat flow if N ≥ 2 (see [16] and [17]). For the heat equation
with a potential,

∂t u − �u + V (x)u = 0 in RN × (0,∞), (1.4)

in [2–4], Borell assumed that V −1/2 is concave in RN , and studied the concavity properties
of the fundamental solutions and the ground states of (1.4). However, as far as we know,
there are no results treating concavity properties of the solutions of the heat equation with a
potential satisfying (1.2).

On the other hand, in [10–13], the second author of this paper and Kabeya considered
Cauchy problem (1.1) under condition (V), and studied the large time behavior of the solu-
tions and their hot spots. The large time behavior of the solutions and their hot spots heavily
depend on the behavior of potential V at the space infinity, and they are characterized by the
harmonic functions for the operator −� + V .

In this paper we develop the arguments in [10–13], and study local concavity properties
of the solution u(·, t) of (1.1). In particular, for any R > 0, we give a sufficient condition for
the solution u(·, t) of (1.1) to be quasi-concave in the ball B(0, R) := {x ∈ RN : |x | < R}
for all sufficiently large t (see Theorem 1 (c)). Furthermore, we discuss the optimality of
the sufficient condition and prove the existence of the threshold number ω∗ discriminating
between the cases where the solution has a local quasi-concavity property for all sufficiently
large t or not (see Theorem 2 and (1.6)).
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Local quasi-concavity of the solutions of the heat equation 331

Before stating the main results of this paper, we give the notion of γ -concavity (γ ∈
[−∞,∞]), log-concavity, and quasi-concavity for nonnegative functions in a convex domain.
See also [6] and [21].

Definition 1 Let γ ∈ [−∞,∞] and � be a convex domain in RN . We say that a nonnegative
function f in � is γ -concave in � if the support of f in � is convex and f satisfies

(i) f is a constant function on the support of f for the case γ = ∞;

(ii) f γ is concave on its support for the case γ > 0;

(iii) log f is concave on its support for the case γ = 0;

(iv) f γ is convex on its support for the case γ < 0;

(v) all of the superlevel sets {x ∈ � : f (x) > λ} with λ > 0 are convex
for the case γ = −∞.

More precisely, we say that a nonnegative function f in � is γ -concave in � if f satisfies
the inequality

f ((1 − λ)x + λy) ≥ Mγ ( f (x), f (y), λ)

for all x , y ∈ � and λ ∈ (0, 1), where

Mγ (a0, a1, λ) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

[
(1 − λ)aγ

0 + λaγ
1

]1/γ
for γ 	= −∞, 0,∞,

a1−λ
0 aλ

1 for γ = 0,

max{a0, a1} for γ = ∞,

min{a0, a1} for γ = −∞,

if a0, a1 > 0 and Mγ (a0, a1, λ) = 0 if a0 = 0 or a1 = 0. Furthermore, we say that f is
log-concave in � if f is 0-concave in � and that f is quasi-concave in � if f is −∞-concave
in �.

We remark that if −∞ ≤ γ ′ ≤ γ ≤ ∞ and f is γ -concave in �, then f is γ ′-concave in �

and that quasi-concavity is the weakest notion in the concavity properties given in Definition
1. For further properties of γ -concavity, see for example [21, Section 2].

We introduce some notation. For any ω ≥ 0, let α(ω) be the nonnegative root of the
algebraic equation α(α + N − 2) = ω, that is,

α(ω) = −(N − 2) +√
(N − 2)2 + 4ω

2
. (1.5)

Let {ωk}∞k=0 be the eigenvalues of the Laplace–Beltrami operator −�SN−1 on the (N − 1)

dimensional sphere SN−1 such that 0 = ω0 < ω1 < · · ·, that is, ωk = k(N − 2 + k),
k = 0, 1, 2, . . .. Here we remark that

α(ωk) = k, k = 0, 1, 2, . . . .

Then, by (1.5) we can define a positive constant ω∗ uniquely by

α(ω∗ + ω2) = α(ω∗) + 1 (1.6)

(see Lemma 2.1). For any k = 0, 1, 2, . . ., let lk and {Qk,i }lk
i=1 be the dimension and the

complete orthonormal system of the eigenspace corresponding to ωk , respectively. Then, we
see l0 = 1 and l1 = N and have

Q0,1

(
x

|x |
)

= q0, Q1,i

(
x

|x |
)

= q1
xi

|x | (i = 1, . . . , N ), (1.7)
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where

q0 =
⎛
⎜⎝ ∫

SN−1

dσ

⎞
⎟⎠

−1/2

, q1 = q0
√

N , (1.8)

and dσ is the surface measure on SN−1. On the other hand, under condition (V), there exists
a solution U of the ordinary differential equation

U ′′ + N − 1

r
U ′ −

(
V (r) + ωk

r2

)
U = 0 in (0,∞) such that lim sup

r→0
U (r) < ∞

(1.9)

(see Sect. 2.1). Then, there exists a constant d such that

U (r) = dη(r)(1 + o(1)) as r → ∞,

where

η(r) =
{

log(2 + r) if (N , ω, k) = (2, 0, 0), V 	≡ 0,

rα(ω+ωk ) otherwise
(1.10)

(see Sect. 2.1). We denote by Uk the solution of (1.9) satisfying lim
r→∞ Uk(r)/η(r) = 1. Fur-

thermore, for any k = 0, 1, 2, . . . and i = 1, . . . , lk , we put

Uk,i (x) = Uk(|x |)Qk,i

(
x

|x |
)

. (1.11)

Then, Uk,i (x) is a stationary solution of (1.1), that is, Uk,i satisfies

− � Uk,i + V (|x |) Uk,i = 0 in RN , (1.12)

which implies

d

dt

∫
RN

u(x, t) Uk,i (x)dx = 0, t > 0,

for the solution u of (1.1). These functions Uk,i (x), in particular, U0,1(x) and U1,i (x) (i =
1, . . . , N ), play an important role in the study of the large time behavior of the solutions of
(1.1) and their hot spots (see [10–12]).

Now we are ready to state our main results of this paper. We first give a sufficient condition
and a necessary condition for the solution u(·, t) to have a local concavity property.

Theorem 1 Assume condition (V) and let u ∈ X be a solution of problem (1.1) such that

ϕ ∈ L2(RN , e|x |2/4dx), M :=
∫

RN

ϕ(x) U0,1(x)dx > 0. (1.13)

Then, for any R > 0, there exists a constant T with the following properties:

(a) u(x, t) > 0 for all x ∈ B(0, R) and t ≥ T ;
(b) if the function u(·, t) is quasi-concave in B(0, R) for some t ≥ T , then V (r) ≡ 0 on

[0, R];
(c) if V (r) ≡ 0 in [0, R] and ω < ω∗, then the function u(·, t) is concave in B(0, R) for

all t ≥ T .
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Theorem 1 implies that the solution u of (1.1) is not necessarily quasi-concave in a ball
B(0, R) for any sufficiently large t even if the initial function ϕ is log-concave in RN and
that the flatness of the potential around the origin induces the local quasi-concavity of the
solution u for all sufficiently large t . Furthermore, we see that, under condition (V), if u is
quasi-concave in RN for all sufficiently large t , then V (r) ≡ 0 on [0,∞), that is, u is a
solution of the heat equation.

Next we study the local concavity property of the solution of (1.1) for the case ω ≥ ω∗.
By Theorems 1 (c) and 2 we see that, if V (r) ≡ 0 on [0, R] for some R > 0, then the
case ω = ω∗ is a threshold discriminating between the cases where the solution u(·, t) is
quasi-concave in B(0, R) for all sufficiently large t . We prove that, for the case ω ≥ ω∗, even
if V (r) ≡ 0 on [0, R] for some R > 0, u(·, t) is not necessarily quasi-concave in B(0, R)

for any sufficiently large t .

Theorem 2 Assume condition (V) and that V (r) ≡ 0 on [0, R] for some R > 0. Then, there
holds the following:

(a) if either ω > ω∗ or (N , ω) = (2, ω∗), there exists a nonnegative solution u ∈ X with
the initial function ϕ ∈ C0

(
RN
)

such that u(·, t) is not quasi-concave in B(0, R) for
any sufficiently large t;

(b) if ω = ω∗ and N ≥ 3, there exists a solution u ∈ X with the initial function ϕ ∈
C0
(
RN
)

satisfying ∫
RN

ϕ(x) U0,1(x)dx > 0

such that u(·, t) is not quasi-concave in B(0, R) for any sufficiently large t.

We give the idea of the proofs of our theorems. In [10, Theorem 1.1], [11, Theorem 1.1],
and [12, Theorem 1.1], the first asymptotic expansion of the solution of (1.1) has been already
obtained, and there hold⎧⎨

⎩
lim

t→∞ t
N
2 +α(ω)u(x, t) = C1 MU0(|x |) if (N , ω) 	= (2, 0),

lim
t→∞ t (log t)2u(x, t) = C2 MU0(|x |) if (N , ω) = (2, 0),

(1.14)

uniformly for all x in any compact set of RN , where C1 and C2 are positive constants.
However, geometric properties of the solution are not necessarily determined by the first
asymptotic expansion of the solution. Indeed, if V (r) ≡ 0 on [0, R] for some R > 0, the
function U0(|x |) is a constant function in B(0, R), and the asymptotics (1.14) cannot deter-
mine the geometric properties of the solutions of (1.1). Therefore, if V (r) ≡ 0 on [0, R] for
some R > 0, we have to study in detail the large time behavior of solution of (1.1). For the
case (N , ω) 	= (2, 0), we follow the arguments in [10] and [11], and study the large time
behavior of radial solutions {vk,i } of the equation

∂tv = �v −
(

V (|x |) + ωk

|x |2
)

v

(see also (2.1)). Then, we obtain

u(x, t) = c0 Mt−
N
2 −α(ω) − c′

0t−
N
2 −α(ω)−1|x |2

+
N∑

i=1

ci t
− N

2 −α(ω+ω1)xi + O
(

t−
N
2 −α(ω+ω2)

)
(1.15)
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for all x ∈ B(0, R) and all sufficiently large t , by using the fact: for any k ∈ N0,

Uk(r) = dkrk, r ∈ [0, R],
for some positive constant dk if V ≡ 0 in [0, R]. Here c0, c′

0, c1, …, cN are constants, in
particular, due to M > 0, c0, and c′

0 are positive constants. Then, the second term in the
right-hand side of the asymptotic expansion (1.15) yields the local concavity property of the
solution u, and we have assertion (c) of Theorem 1 for the case (N , ω) 	= (2, 0). Similarly,
for the case (N , ω) = (2, 0), we can obtain assertion (c) of Theorem 1 with the aid of the
results of [12]. Thus, we have Theorem 1. On the other hand, for the case ω ≥ ω∗, we have
α(ω + ω2) ≤ α(ω) + 1 (see Lemma 1), and we can choose an initial function for which
the last term O(t−N/2−α(ω+ω2)) in the right-hand side of (1.15) determines the geometric
properties of the solution in B(0, R). Then, we can prove Theorem 2.

The rest of this paper is organized as follows: In Sect. 2, we recall some preliminary
results, which are obtained in [10–12]. In Sect. 3, we study the large time behavior of the
radial solutions vk,i and their derivatives. Section 4 is devoted to the proof of Theorems 1
and 2.

2 Preliminaries

In this section we recall some results given in [10–12] and study the radial solution vk of the
problem ⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩
∂tv = �v −

(
V (|x |) + ωk

|x |2
)

v in RN × (0,∞),

v(x, 0) = φ(x) in RN ,

lim sup
x→0

|v(x, t)| < ∞ for any t > 0,

(2.1)

where k = 0, 1, 2, . . . and φ is a radial function in RN such that φ ∈ L2(RN , ρdy) with
ρ(y) = e|y|2/4.

2.1 Solutions Uk of problem (1.9)

We consider problem (1.9) under condition (V). Since the function rk is a solution of

U ′′ + N − 1

r
U ′ − ωk

r2 U = 0 in (0,∞),

we apply the method of variation of constants and see that the solution U of problem (1.9)
satisfies

U (r) = drk + rk

r∫
0

s1−2k−N

⎛
⎝ s∫

0

τ N+k−1V (τ )U (τ )dτ

⎞
⎠ ds, r ∈ (0,∞), (2.2)

for some constant d . This representation with the standard arguments in the ordinary differen-
tial equations implies the existence of the solution U of (1.9), which is uniquely determined
by the limit of U (r)/η(r) as r → ∞ (see [10–12]). Here, η = η(r) is the function given in
(1.10). We denote by Uk the solution U of (1.9) satisfying

lim
r→∞ U (r)/η(r) = 1. (2.3)

123



Local quasi-concavity of the solutions of the heat equation 335

Then, (2.2) yields

Uk(r) = dkrk + rk

r∫
0

s1−2k−N

⎛
⎝ s∫

0

τ N+k−1V (τ )Uk(τ )dτ

⎞
⎠ ds, r ∈ (0,∞), (2.4)

for some constant dk > 0, and we see that

Uk(r) ≥ dkrk ≥ 0, U ′
k(r) ≥ kdkrk−1 ≥ 0 (2.5)

for all r ≥ 0. In particular, for the case k = 0, we have

U0(r) ≥ U0(0) = d0 > 0 for all r ≥ 0. (2.6)

Furthermore, since lim sup
r→0

Uk(r) < ∞, for any L > 0, we have sup
0<r<L

Uk(r) < ∞, and by

(2.4) we obtain ∣∣∣∣ dl

drl
Uk(r)

∣∣∣∣ ≤ Ckrk−l (l = 0, 1, 2) (2.7)

for all r ∈ (0, L), where Ck is a constant depending on L and k. In addition, if V (r) ≡ 0 on
[0, R] for some R > 0, by (2.4) we have

Uk(r) = dkrk, r ∈ [0, R]. (2.8)

For the details in the argument above, see [10, Lemma 2.2], [11, Lemma 2.1], and [12, Lemma
3.1]. Furthermore, we have:

Proposition 1 Assume (V) and let k = 0, 1, 2, . . .. Let f be a continuous function on [0,∞)

and put

Fk[ f ](r) = Uk(r)

r∫
0

s1−N [Uk(s)]−2

⎛
⎝ s∫

0

τ N−1Uk(τ ) f (τ )dτ

⎞
⎠ ds. (2.9)

Then, there holds the following:

(i) for any solution v = v(r) of

U ′′ + N − 1

r
U ′ −

(
V (r) + ωk

r2

)
U = f in (0,∞), (2.10)

satisfying lim supr→0 |v(r)| < ∞, there exists a constant c such that

v(r) = cUk(r) + Fk[ f ](r), r ∈ [0,∞);
(ii) if there exist a positive constant R and a monotone increasing function A = A(r) on

[0, R] such that

| f (r)| ≤ A(r)Uk(r), r ∈ [0, R],
then

|Fk[ f ](r)| ≤ A(r)

2N
r2Uk(r),

∣∣Fk[ f ]′(r)
∣∣ ≤ A(r)

2N
[2rUk(r) + r2U ′

k(r)],
for all r ∈ [0, R].
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Proof Since function Fk[ f ](r) is a solution of (2.10) such that Fk[ f ](0) = 0, we have
assertion (i) of Proposition 1 by the uniqueness of the solution of problem (1.9). Assertion
(ii) of Proposition 1 follows from the definition of Fk[ f ] and the monotonicity of Uk(r) (see
(2.5)). 
�

Next we give a lemma on the definition of ω∗.

Lemma 1 There exists a positive constant ω∗ such that

α(ω + ω2) − α(ω)

⎧⎨
⎩

> 1 if 0 ≤ ω < ω∗,
= 1 if ω = ω∗,
< 1 if ω > ω∗.

(2.11)

Proof Put f (s) := α(s + ω2) − α(s) for s ≥ 0. Then, f (0) = α(ω2) − α(0) = 2 > 1. By
(1.5), we have

f (s) = 1

2

(√
(N − 2)2 + 4(s + ω2) −

√
(N − 2)2 + 4s

)
,

which implies lim
s→∞ f (s) = 0 and that f ′(s) < 0 for all s ≥ 0. Then, Lemma 1 follows. 
�

2.2 Solutions of problem (2.1)

Let k = 0, 1, 2 . . . and φ be a radial function in L2(RN , ρdx). Then, under condition (V),
there exists a unique classical and radial solution v := Sk(t)φ ∈ X of (2.1) such that

(i) v(x, t)Qk,i (x/|x |) is a solution of

∂t u − �u + V (|x |)u = 0 RN × (0,∞),

(ii) for any 1 ≤ q ≤ p ≤ ∞ and l = 1, 2, . . ., there exists a constant C , independent of
k, such that

‖v(t)‖L p(RN ) ≤ Ct
− N

2

(
1
q − 1

p

)
‖φ‖Lq(RN ), ‖(∂ l

t v)(t)‖L2(RN ) ≤ Ct−l‖φ‖L2(RN ),

for all t > 0.

Furthermore, we have the following proposition (see [10, Lemma 3.2], [11, Lemma 2.1], and
[12, Lemma 3.3]).

Proposition 2 Let k = 0, 1, 2, . . . and φ be a radial function in L2(RN , ρdx). Let v =
Sk(t)φ ∈ X be a solution of (2.1) under condition (V). Then, there holds the following:

(i) let (N , ω, k) 	= (2, 0, 0) and assume that

‖v(t)‖L2(RN ) ≤ C1t−d , t > 0,

for some constants C1 > 0 and d ≥ 0. Then, for any T > 0 and any sufficiently small
ε > 0, there exists a constant C2 such that∣∣∣(∂ j

t v
)

(x, t)
∣∣∣ ≤ C1C2t−d− N

4 − α(ω+ωk )

2 − j Uk(|x |)
for all (x, t) ∈ Dε(T ), where j = 0, 1, 2 and

Dε(T ) := {(x, t) ∈ RN × [T,∞) : |x | ≤ ε(1 + t)1/2};
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(ii) let (N , ω, k) = (2, 0, 0) and assume that

‖v(t)‖2 ≤ C3(1 + t)−
1
2 [log(2 + t)]−d ′

, t > 0,

for some constants C3 > 0 and d ′ ≥ 0. Then, for any T > 0 and any sufficiently small
ε > 0, there exists a constant C4 such that∣∣∣(∂ j

t v
)

(x, t)
∣∣∣ ≤ C3C4t−1− j [log(2 + t)]−d ′−1U0(|x |)

for all (x, t) ∈ Dε(T ), where j = 0, 1, 2.

Next we put

w(y, s) = (1 + t)
N
2 v(x, t), y = (1 + t)−

1
2 x, s = log(1 + t). (2.12)

Then, the function w satisfies

∂sw = Lw := L∗w − Ṽ (y, s)w in RN × (0,∞), w(y, 0) = φ(y) in RN ,

where

L∗w := 1

ρ
div(ρ∇w) + N

2
w − ω + ωk

|y|2 w, Ṽ (y, s) := es V (e
s
2 y) − ω

|y|2 , ρ(y) := e
|y|2

4 .

The operator L∗ has the following property (see [10, Lemma 3.3]).

Proposition 3 Let ω ≥ 0 and k = 0, 1, 2, . . .. Let {λk,i }∞i=0 be the eigenvalues of⎧⎪⎨
⎪⎩

L∗ϕ = −λϕ in RN ,

ϕ is a radial function in RN with respect to 0,

ϕ ∈ H1(RN , ρdy),

(E)

such that λk,0 < λk,1 < · · ·. Then, λk,i = (α(ω + ωk)/2) + i and all the eigenvalues are
simple. Furthermore, the eigenfunction ϕk corresponding to λk,0 is given by

ϕk(y) = ck |y|α(ω+ωk ) exp

(
−|y|2

4

)
,

where ck is a positive constant such that ‖ϕk‖L2(RN ,ρdy) = 1.

Then, we can expand the function w(s) to the Fourier series of the eigenfunctions of
problem (E) and have the following proposition on the large time behavior of the function
w. In what follows, we write ‖ · ‖ = ‖ · ‖L2(RN ,ρdy) for simplicity.

Proposition 4 Assume the same conditions as in Proposition 2. Let w be a function defined
by (2.12). Then, there holds the following:

(i) let (N , ω, k) 	= (2, 0, 0). Then, there exists a positive constant C1 such that

‖w(s)‖ ≤ C1e− α(ω+ωk )

2 s‖φ‖, s > 0. (2.13)

Furthermore, for any L > 1, there holds

lim
s→∞

∥∥∥∥e
α(ω+ωk )

2 sw(s) − akϕk

∥∥∥∥
C2({L−1≤|y|≤L})

= 0, (2.14)
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where

ak := ck

∫
RN

Uk(|x |)φ(x)dx . (2.15)

Here ck is the constant given in Proposition 3;
(ii) let (N , ω, k) = (2, 0, 0). Then, there exists a positive constant C2 such that

‖w(s)‖ ≤ C2s−1‖φ‖, s > 0. (2.16)

Furthermore, for any L > 1, there holds

lim
s→∞ ‖sw(s) − 2a0ϕ0‖C2({L−1≤|y|≤L}) = 0. (2.17)

Assertion (i) of Proposition 4 is given by Proposition 3.2 in [10] and assertion (ii) by Lemma
3.6 and (3.33) in [12].

3 Behavior of the solution of (2.1)

In this section we study the large time behavior of the solution of (2.1) by using the results
given in Sect. 2. We first give an upper estimate of the solution of (2.1).

Lemma 2 Let k = 0, 1, 2, . . . and φ be a radial function in L2(RN , ρdx). Then, for any
T > 0 and any sufficiently small ε > 0, there exists a constant C such that

|[Sl(t)φ](x)| ≤
{

Ct− N
2 −α(ω+ωk )Uk(|x |)‖φ‖ if (N , ω, k) 	= (2, 0, 0),

Ct− N
2 (log(t + 2))−2U0(|x |)‖φ‖ if (N , ω, k) = (2, 0, 0),

(3.1)

for all (x, t) ∈ Dε(T ) and l ≥ k.

Proof Let l ≥ k. By the comparison principle, we have

|[Sl(t)φ](x)| ≤ [Sl(t)|φ|](x) ≤ [Sk(t)|φ|](x) (3.2)

for all (x, t) ∈ RN × (0,∞). On the other hand, (2.13) and (2.16) imply that

‖Sk(t)|φ|‖2 ≤
{

C1(1 + t)− N
4 − α(ω+ωk )

2 ‖φ‖ if (N , ω, k) 	= (2, 0, 0),

C1(1 + t)− N
4 [log(t + 2)]−1‖φ‖ if (N , ω, k) = (2, 0, 0),

for all t > 0, where C1 is a constant. Then, by Proposition 2 and (3.2) we have inequality
(3.1), and Lemma 2 follows. 
�

Next, combining Propositions 1 and 4 with Lemma 2, we have:

Lemma 3 Let k = 0, 1, 2, . . . and φ be a radial function in L2(RN , ρdx). Let v = Sk(t)φ
be a solution of (2.1) under condition (V). Then, there exists a function ζ = ζ(t) defined in
(0,∞), satisfying

dn

dtn
ζ(t) =

⎧⎪⎨
⎪⎩

(akck + o(1))
dn

dtn
t−

N
2 −α(ω+ωk ) if (N , ω, k) 	= (2, 0, 0),

(4a0c0 + o(1))
dn

dtn
[t−1(log t)−2] if (N , ω, k) = (2, 0, 0),

(3.3)
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as t → ∞ for n = 0, 1, such that

v(x, t) = ζ(t)Uk(|x |) + ζ ′(t)Fk[Uk](|x |) + Fk
[
Fk[(∂2

t v)(·, t)]] (|x |) (3.4)

for all (x, t) ∈ RN × (0,∞). Furthermore, for any L > 0, there exist constants C and T
such that

∣∣∣∂ l
r Fk

[
Fk[(∂2

t v)(·, t)]] (|x |)
∣∣∣ ≤

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

Ct− N
2 −α(ω+ωk )−2|x |k+4−l‖φ‖

if (N , ω, k) 	= (2, 0, 0),

Ct−3[log(2 + t)]−2|x |4−l‖φ‖
if (N , ω, k) = (2, 0, 0),

(3.5)

for all (x, t) ∈ B(0, L) × (T,∞) and l = 0, 1, 2.

Proof By (2.1) and Proposition 1 (i) we can find a function ζ = ζ(t) defined in (0,∞),
satisfying

v(x, t) = ζ(t)Uk(|x |) + Fk[(∂tv)(·, t)](|x |), (x, t) ∈ RN × (0,∞). (3.6)

The smoothness of v and Fk[∂tv] together with (3.6) implies ζ ∈ C1(0,∞) and

∂tv(x, t) = ζ ′(t)Uk(|x |) + Fk[(∂2
t v)(·, t)](|x |) (3.7)

for all (x, t) ∈ RN × (0,∞). Then, by (3.6) and (3.7) we have (3.4).
On the other hand, by Proposition 4 we have

‖v(t)‖L2(RN ) ≤
⎧⎨
⎩C1t− N

4 − α(ω+ωk )

2 ‖φ‖ if (N , ω, k) 	= (2, 0, 0),

C1t− 1
2 [log(2 + t)]−1‖φ‖ if (N , ω, k) = (2, 0, 0),

(3.8)

for all t > 0, where C1 is a constant. Let T > 0 and ε be a sufficiently small positive constant.
Then, by Proposition 2 and (3.8) we see that there exists a constant C2 such that

|(∂2
t v)(x, t)| ≤

{
C2t− N

2 −α(ω+ωk )−2Uk(|x |)‖φ‖ if (N , ω, k) 	= (2, 0, 0),

C2t−3[log(2 + t)]−2U0(|x |)‖φ‖ if (N , ω, k) = (2, 0, 0),

for all (x, t) ∈ Dε(T ). This inequality together with Proposition 1 (ii) yields

∣∣Fk[(∂2
t v)(·, t)](|x |)∣∣ ≤

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

C3t− N
2 −α(ω+ωk )−2|x |2Uk(|x |)‖φ‖

if (N , ω, k) 	= (2, 0, 0),

C3t−3[log(2 + t)]−2|x |2U0(|x |)‖φ‖
if (N , ω, k) = (2, 0, 0),

(3.9)

for all (x, t) ∈ Dε(T ), where C3 is a constant. Then, by (2.7), (2.9), and (3.9) we obtain
(3.5). Furthermore, by Lemma 2, (3.6), and (3.9) we have

lim
t→∞ ζ(t) = 0. (3.10)

It remains to prove (3.3). We first consider the case (N , ω, k) 	= (2, 0, 0). Then, by (2.3)
we have

lim
r→∞ r−α(ω+ωk )Uk(r) = 1,
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and by (3.7) and (3.9), for any ν ∈ (0, ε), we obtain

t
N+α(ω+ωk )

2 +1(∂tv)(x, t)

∣∣∣∣|x |=νt1/2

= t
N+α(ω+ωk )

2 +1
[
ζ ′(t) + O(ν2t−

N
2 −α(ω+ωk )−1)

]
Uk(νt1/2)

= να(ω+ωk )t
N
2 +α(ω+ωk )+1ζ ′(t) + O(να(ω+ωk )+2) (3.11)

for all sufficiently large t . On the other hand, by Proposition 4 (i) and (2.12) we have

lim
t→∞ t

N+α(ω+ωk )+l
2 (∇l

xv)(x, t)

∣∣∣∣|x |=νt1/2

= lim
s→∞ e

α(ω+ωk )

2 s(∇l
yw)(y, s)

∣∣∣∣|y|=ν

= ak(∇l
yϕk)(y)

∣∣∣∣|y|=ν

, l = 0, 1, 2. (3.12)

Furthermore, by condition (V) (iii) and (3.12) with l = 0 we have

lim
t→∞ t

N+α(ω+ωk )

2 +1
(

V (|x |) − ω

|x |2
)

v(x, t)

∣∣∣∣|x |=νt1/2

= lim
t→∞ o

(
t

N+α(ω+ωk )

2

)
v(x, t)

∣∣∣∣|x |=νt1/2
= 0. (3.13)

Then, by (2.1), (3.12), and (3.13) we have

lim
t→∞ t

N+α(ω+ωk )

2 +1(∂tv)(x, t)

∣∣∣∣|x |=νt1/2

= lim
t→∞ t

N+α(ω+ωk )

2 +1
[
�v −

(
V (|x |) + ωk

|x |2
)

v

]∣∣∣∣|x |=νt1/2

= lim
t→∞ t

N+α(ω+ωk )

2 +1
[
�v − ω + ωk

|x |2 v

]∣∣∣∣|x |=νt1/2
= ak

[
�ϕk − ω + ωk

|y|2 ϕk

]
|y|=ν

.

(3.14)

Since ϕk(y) = ck |y|α(ω+ωk )e−|y|2/4, we have[
�ϕk − ω + ωk

|y|2 ϕk

]
|y|=ν

= −ck

[
N

2
+ α(ω + ωk)

]
να(ω+ωk )(1 + O(ν)).

Therefore, since ν is arbitrary, by (3.11) and (3.14) we have

lim
t→∞ t

N
2 +α(ω+ωk )+1ζ ′(t) = −akck

[
N

2
+ α(ω + ωk)

]
, (3.15)

and obtain (3.3) for the case l = 1. Furthermore, since

ζ(t) = −
∞∫

t

ζ ′(s)ds

by (3.10), (3.15) implies (3.3) for the case l = 0. Thus, the proof of (3.3) for the case
(N , ω, k) 	= (2, 0, 0) is complete.
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Next we consider the case (N , ω, k) = (2, 0, 0). Similarly to (3.11), for any sufficiently
small ν > 0, we have

t2(log t)(∂tv)(x, t)

∣∣∣∣|x |=νt1/2
= t2(log t)

[
ζ ′(t) + O

(
ν2t−2[log(2 + t)]−2)]U0(νt1/2)

= 1

2
t2(log t)2ζ ′(t) + O(ν2) (3.16)

as t → ∞. Furthermore, similarly to (3.14), by Proposition 4 (ii) we have

lim
t→∞ t2(log t)(∂tv)(x, t)

∣∣∣∣|x |=νt1/2
= lim

t→∞ t2(log t) [�v − V (|x |)v]

∣∣∣∣|x |=νt1/2

= lim
t→∞ t2(log t)(�v)(x, t)

∣∣∣∣|x |=νt1/2
= lim

s→∞ s(�w)(y, s)

∣∣∣∣|y|=ν

= 2a0(�ϕ0)(y)

∣∣∣∣|y|=ν

= −2a0c0 + O(ν2).

This together with (3.16) and arbitrariness of ν implies that

lim
t→∞

1

2
t2(log t)2ζ ′(t) = −2a0c0,

which gives (3.3) with l = 1 for the case (N , ω, k) = (2, 0, 0). Furthermore, similarly to in
the case (N , ω, k) 	= (2, 0, 0), we have (3.3) with l = 0, and the proof of (3.3) for the case
(N , ω, k) = (2, 0, 0) is complete. Therefore, Lemma 3 follows. 
�

Next we consider the case where V (r) ≡ 0 on [0, R] for some R > 0. Then, by (2.8) we
have

Pk,i (x) := d−1
k Uk(|x |)Qk,i

(
x

|x |
)

= |x |k Qk,i

(
x

|x |
)

, |x | < R, (3.17)

for k = 0, 1, 2, . . . and i ∈ {1, . . . , lk}, and see that Pk,i (x) is a homogeneous harmonic
polynomial of degree k. Then, applying Lemma 3, we have:

Lemma 4 Assume the same conditions as in Lemma 3 and let ζ = ζ(t) be a function given
in Lemma 3. Assume that V (r) = 0 in [0, R] for some R ∈ (0,∞). Put

ũ(x, t) = v(x, t)Qk,i

(
x

|x |
)

.

Then, for any l ∈ {0, 1, 2}, there holds

(
∇l

x ũ
)

(x, t) − dk∇l
x

[
ζ(t)Pk,i (x) + ζ ′(t) |x |2

2(2k + N )
Pk,i (x)

]

=
⎧⎨
⎩ O

(
t− N

2 −α(ω+ωk )−2|x |k+4−l
)

if (N , ω, k) 	= (2, 0, 0),

O
(
t−3[log t]−2|x |4−l

)
if (N , ω, k) = (2, 0, 0),

(3.18)

for all x ∈ B(0, R) and sufficiently large t, where dk is the constant given in (2.8).

Proof By (2.8) and (2.9) we have

Uk(r) = dkrk, Fk[Uk](r) = dkrk+2

2(2k + N )
, (3.19)
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for r ∈ [0, R]. On the other hand, for any l ∈ {0, 1, 2}, we have∣∣∣∣∇l
x Qk,i

(
x

|x |
)∣∣∣∣ ≤ C |x |−l , x ∈ RN ,

for some constant C . This together with Lemma 3, (3.17), and (3.19) yields (3.18), and the
proof of Lemma 4 is complete. 
�

4 Proof of theorems

Let ϕ ∈ L2(R2, ρdx) and u ∈ X be a solution of (1.1) under condition (V). By the same
argument as in [10], we have radial functions {φk,i } ⊂ L2(R2, ρdx) satisfying

ϕ =
∞∑

k=0

lk∑
i=1

φk,i (|x |)Qk,i

(
x

|x |
)

in L2(R2, ρdx). (4.1)

Then, under assumption (1.13), by the orthonormality of {Qk,i }, (1.7), (1.11), and (4.1) we
have

M =
∫

RN

ϕ(x) U0,1(x)dx = q0

∫
RN

ϕ(x)U0(|x |)dx = q0

∫
RN

φ0,1(|x |)U0(|x |)dx > 0,

(4.2)

where q0 is the constant given in (1.9). Furthermore, putting

�k,i (x) = φk,i (|x |)Qk,i

(
x

|x |
)

,

we have

‖ϕ‖2 =
∞∑

k=0

lk∑
i=1

‖�k,i‖2. (4.3)

For any f ∈ L2(RN , ρdx), let S(t) f ∈ X be a solution of (1.1) with the initial function f ,
and put

uk,i (x, t) = (S(t)�k,i )(x).

Then, we define a function Emu (m = 1, 2, . . . ) by

(Emu)(·, t) := u(·, t) −
m−1∑
k=0

lk∑
i=1

uk,i (·, t) = S(t)

⎡
⎣ϕ −

m−1∑
k=0

lk∑
i=1

�k,i

⎤
⎦ . (4.4)

We remark that assertion (i) of Sect. 2.2 implies that

uk,i (x, t) = vk,i (x, t)Qk,i

(
x

|x |
)

in RN × (0,∞), (4.5)

where vk,i (x, t) = [Sk(t)φk,i ](x), and by (1.8) we have

‖uk,i (t)‖2 = q0‖vk,i (t)‖2 (4.6)
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for all t ≥ 0. Furthermore, by the orthogonality of {Qk,i } and the radial symmetry of vk,i we
have

∫
RN

uk,i (x, t)uk′,i ′(x, t)dx = 0 if (k, i) 	= (k′, i ′) (4.7)

for all t > 0. Then, we have:

Lemma 5 Assume the same conditions as in Theorem 1. Let m = 1, 2, . . .. Then, for any
L > 0 and l = 0, 1, 2, there exists a positive constant C such that

∣∣∣∇l
x (Emu)(x, t)

∣∣∣ ≤ Ct−
N
2 −α(ω+ωm )‖ϕ‖ (4.8)

for all x ∈ B(0, L) and all sufficiently large t.

Proof Let m̃ ∈ N such that m̃ ≥ m ≥ 1 and α(ω + ωm̃) ≥ 2α(ω + ωm). Let T > 0. Since it
follows from (3.2) that

|vk,i (x, t)| = |[Sk(t)φk,i ](x)| ≤ [Sm̃(t)|φk,i |](x)

for all (x, t) ∈ RN × (0,∞), by (4.6) we apply (3.8) to obtain

‖uk,i (t)‖2 = q0‖vk,i (t)‖2 ≤ C1q0(1 + t)−
N
4 − α(ω+ωm̃ )

2 ‖φk,i‖
= C1(1 + t)−

N
4 − α(ω+ωm̃ )

2 ‖�k,i‖

for all t > 0, k ≥ m̃, and i = 1, . . . , lk , where C1 is a constant independent of k and i . This
together with (4.1), (4.3), and (4.7) implies that

‖(Em̃u)(t)‖2
2 =

∞∑
k=m̃

lk∑
i=1

‖uk,i (t)‖2
2

≤ C1t−
N
2 −α(ω+ωm̃ )

∞∑
k=m̃

lk∑
i=1

‖�k,i‖2 = C1t−
N
2 −α(ω+ωm̃ )‖ϕ‖2, t > T . (4.9)

On the other hand, since (Em̃u)(t) = S(t/2)[(Em̃u)(t/2)], the comparison principle together
with (V) (ii) implies that

|(Em̃u)(x, t)| ≤ [
et�/2|(Em̃u)(t/2)|] (x), (x, t) ∈ RN × (0,∞).

This together with the standard L p–Lq estimate for the heat equation and (4.9) yields

‖(Em̃u)(t)‖∞ ≤ ‖et�/2|(Em̃u)(t/2)|‖∞

≤ C2t−
N
4 ‖(Em̃u)(t/2)‖2 ≤ C3t−

N
2 − α(ω+ωm̃ )

2 ‖ϕ‖ (4.10)
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for all t > 2T , where C2 and C3 are constants. Therefore, since α(ω + ωm̃) ≥ 2α(ω + ωm),
by (3.1), (4.3), (4.4), (4.5), and (4.10), for any sufficiently small ε > 0, we have

|(Emu)(x, t)| ≤
m̃−1∑
k=m

lk∑
i=1

∣∣∣∣vk,i (x, t)Qk,i

(
x

|x |
)∣∣∣∣+ |(Em̃u)(x, t)|

≤ C4

m̃−1∑
k=m

lk∑
i=1

∣∣vk,i (x)
∣∣+ |(Em̃u)(x, t)|

≤ C5t−
N
2 −α(ω+ωm )Um(|x |)

m̃−1∑
k=m

lk∑
i=1

‖φk,i‖ + C4t−
N
2 −α(ω+ωm )‖ϕ‖

≤ C6t−
N
2 −α(ω+ωm )(1 + Um(|x |))‖ϕ‖

for all (x, t) ∈ Dε(2T ), where C4, C5, and C6 are constants. This implies inequality (4.8)
with l = 0. Furthermore, by (4.8) with l = 0 we apply the parabolic regularity theorems to
obtain inequality (4.8) with l = 1, 2. Thus, Lemma 5 follows. 
�

Now we are ready to prove Theorems 1 and 2.

Proof of Theorem 1 We first prove assertion (a). Let R > 0. By Lemma 3 with k = 0 and
(4.2), we see that there exists a function ζ0 = ζ0(t) defined in (0,∞) such that

dn

dtn
ζ0(t) =

⎧⎪⎨
⎪⎩

(cM + o(1))
dn

dtn
t−

N
2 −α(ω) if (N , ω) 	= (2, 0),

(4cM + o(1))
dn

dtn
[t−1(log t)−2] if (N , ω) = (2, 0),

(4.11)

and

v0,1(x, t) = ζ0(t)U0(r) + ζ ′
0(t)F0[U0](r) + F0

[
F0[(∂2

t v0,1)(·, t)]] (|x |) (4.12)

for all x ∈ B(0, R) and all sufficiently large t , where n = 0, 1 and

c = c2
0

M

∫
RN

φ0,1(x)U0(|x |)dx = c2
0

q0
> 0.

Then, since u0,1(x, t) = q0v0,1(x, t), by (3.5), (4.11), and (4.12) we have

(∇l
x u0,1)(x, t) − q0∇l

x

[
ζ0(t)U0(r) + ζ ′

0(t)F0[U0](r)
]∣∣∣∣

r=|x |

=
{

O(t− N
2 −α(ω)−2|x |4−l) if (N , ω) 	= (2, 0),

O(t−3(log t)−2|x |4−l) if (N , ω) = (2, 0),
(4.13)

for all x ∈ B(0, R) and all sufficiently large t , where l = 0, 1, 2, Then, since cM > 0, (4.11)
and (4.13) imply

ζ0(t) > 0, ζ ′
0(t) < 0, ζ ′

0(t) = O(t−1ζ0(t)), (4.14)(
∇l

x u0,1

)
(x, t) − q0∇l

x

[
ζ0(t)U0(r) + ζ ′

0(t)F0[U0](r)
]∣∣∣∣

r=|x |
= O

(
t−1|ζ ′

0(t)||x |4−l
)

(4.15)
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for all x ∈ B(0, R) and all sufficiently large t , where l = 0, 1, 2. Therefore, by (4.14), (4.15),
and Lemma 5, we have(

∇l
x u
)

(x, t) − q0∇l
x

[
ζ0(t)U0(|x |) + ζ ′

0(t)F0[U0](|x |)]
= O

(
t−1|ζ ′

0(t)|
)+

(
∇l

x E1u
)

(x, t) = O
(
t−1|ζ ′

0(t)|
)+ O

(
t−

N
2 −α(ω+ω1)

)
(4.16)

for all x ∈ B(0, R) and all sufficiently large t . In particular, by (2.6) and (4.14) we have

u(x, t) = q0ζ0(t)U0(r) + O
(
t−1ζ0(t)

)+ O
(

t−
N
2 −α(ω+ω1)

)
≥ q0d0

2
ζ0(t) > 0

for all x ∈ B(0, R) and all sufficiently large t . This gives assertion (a).
Next we prove assertion (b) of Theorem 1. Assume that V (r) 	≡ 0 on [0, R] for some

R > 0, and let r0 ∈ (0, R) such that V (r0) > 0. Then, by (2.4) and (2.6), we see that there
exist positive constants δ and η such that

U ′
0(r) = r1−N

r∫
0

τ N−1V (τ )U0(τ )dτ ≥ η > 0

for all r ∈ [r0 − δ, r0 + δ] ⊂ (0, R). This together with (4.11), (4.14), and (4.16) implies that

(∂r u)(x, t) = q0ζ0(t)U
′
0(|x |) + O(t−1ζ0(t)) + O

(
t−

N
2 −α(ω+ω1)

)
≥ q0η

2
ζ0(t) > 0

(4.17)

for all x ∈ RN with r0 − δ ≤ |x | ≤ r0 + δ < R and all sufficiently large t . Put

λ(t) := u0,1(x, t)

∣∣∣∣|x |=r0

= q0v0,1(x, t)

∣∣∣∣|x |=r0

.

By Lemma 5 and (4.11), we have

u(x, t)

∣∣∣∣|x |=r0

− λ(t) = (E1u)(x, t)

∣∣∣∣|x |=r0

= o(ζ0(t)).

This together with (4.17) implies that, for any ω ∈ SN−1 and any sufficiently large t , there
exists a constant r(ω, t) ∈ (r0 − δ, r0 + δ) such that

u(r(ω, t)ω, t) = λ(t).

Then, by (4.17) we have{
x ∈ RN : r

(
x

|x | , t

)
< |x | < r0 + δ

}
⊂ {x ∈ B(0, R) : u(x, t) > λ(t)}

and {
x ∈ RN : r0 − δ < |x | < r

(
x

|x | , t

)}
∩ {x ∈ B(0, R) : u(x, t) > λ(t)} = ∅.

These imply that the function u(·, t) is not quasi-concave in B(0, R) for any sufficiently large
t . Thus, we obtain assertion (b).
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It remains to prove assertion (c). Let V (r) ≡ 0 on [0, R] for some R > 0, and assume
ω < ω∗. Let α, β ∈ {1, . . . , N }, and put ∂α := ∂/∂xα . Then, by (1.7) we have

P0,1(x) = q0, ∂α∂β P1,i (x) = 0 (i = 1, . . . , N ),

and by Lemma 4 and (4.11) we obtain

(∂α∂βu0,1)(x, t) = d0q0

N
ζ ′

0(t)δαβ + O
(
t−1|ζ ′

0(t)|
)
, (4.18)

(∂α∂βu1,i )(x, t) = O
(

t−
N
2 −α(ω+ω1)−1

)
, i = 1, . . . N , (4.19)

for all x ∈ B(0, R) and all sufficiently large t , where i ∈ {1, . . . , N }. On the other hand, by
Lemma 1 we have

α(ω + ω2) > α(ω) + 1. (4.20)

Then, by Lemma 5, (4.11), and (4.18)–(4.20) we have

∂α∂βu(x, t) = (∂α∂βu0,1)(x, t) +
N∑

i=1

(∂α∂βu1,i )(x, t) + (∂α∂β E2u)(x, t)

= d0q0

N
ζ ′

0(t)δαβ + O
(
t−1|ζ ′

0(t)|
)+ O

(
t−

N
2 −α(ω+ω1)−1

)
+ O

(
t−

N
2 −α(ω+ω2)

)
= d0q0

N
ζ ′

0(t)δαβ + o(|ζ ′
0(t)|) (4.21)

for all x ∈ B(0, R) and all sufficiently large t . Since ζ ′
0(t) < 0 by (4.14), (4.21) implies that

u(·, t) is concave in B(0, R) for all sufficiently large t . Therefore, we have assertion (c) of
Theorem 1, and the proof of Theorem 1 is complete. 
�
Proof of Theorem 2 Let φ be a smooth function in [0,∞) such that supp φ ⊂ (1/2, 1) and
φ ≥ (	≡) 0 in [0,∞). Without loss of generality, we can assume that

Q2,1

(
x

|x |
)

= q2
x2

1 − x2
2

|x |2 (4.22)

for some positive constant q2, and by (3.17) we have

P2,1(x) := |x |2 Q2,1

(
x

|x |
)

= q2
(
x2

1 − x2
2

)
.

For any h > 0, put

ϕ(x) = φ(|x |) + q−1
2 hφ(|x |) (x2

1 − x2
2

)
, x ∈ RN .

Then, defining φk,i as in (4.1), we see that

φk,i (|x |) =

⎧⎪⎨
⎪⎩

φ(|x |) for (k, i) = (0, 1),

hφ(|x |)|x |2 for (k, i) = (2, 1),

0 otherwise,

(4.23)

and have

M ≡ q0

∫
RN

φ0,1(|x |)U0(|x |)dx > 0, M ′ :=
∫

RN

φ2,1(|x |)U2(|x |)dx > 0. (4.24)
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Furthermore, by (4.23) we have

u1,i (x, t) = 0 (i = 1, . . . , N ) and (E2u)(x, t) = u2,1(x, t). (4.25)

Then, by (2.8) and (4.24) we apply Lemma 4 to u2,1 to obtain(
∂2

1 E2u
)
(x, t) = (

∂2
1 u2,1

)
(x, t) = C1 M ′t−

N
2 −α(ω+ω2) + O

(
t−

N
2 −α(ω+ω2)−1

)
(4.26)

for all x ∈ B(0, R) and all sufficiently large t , where C1 is a positive constant.
We first prove assertion (a). Since ω > ω∗ or (N , ω) = (2, ω∗), by (4.11) we have

ζ ′
0(t) = o

(
t−

N
2 −α(ω+ω2)

)
as t → ∞. Then, by (4.21), (4.25), and (4.26) we have

(∂1∂1u)(x, t) ≥ C1 M ′

2
t−

N
2 −α(ω+ω2) > 0 (4.27)

for all x ∈ B(0, R) and all sufficiently large t . This implies that u(·, t) is not quasi-concave
in B(0, R) for all sufficiently large t . Furthermore, taking a sufficiently small h > 0 so that
ϕ ≥ 0 in RN if necessary, we see that u(x, t) > 0 in RN × (0,∞), and obtain assertion (a).

Next we prove assertion (b). Since α(ω) + 1 = α(ω + ω2), by (4.11) and (4.24) we see
that there exists a positive constant C2 such that

ζ ′
0(t) = −(C2 M + o(1))t−

N
2 −α(ω)−1 = −(C2 M + o(1))t−

N
2 −α(ω+ω2)

as t → ∞. Then, by (4.18), (4.21), (4.25), and (4.26) we have

(∂2
1 u)(x, t) =

(
−d0q0C2 M

N
+ C1 M ′ + o(1))

)
t−

N
2 −α(ω+ω2) (4.28)

for all x ∈ B(0, R) and all sufficiently large t . On the other hand, by (4.24) we can take a
sufficiently large h so that

−d0q0C2 M

N
+ C1 M ′ > 0.

Then, by (4.28) we have

(∂2
1 u)(x, t) > 0

for all x ∈ B(0, R) and all sufficiently large t . Therefore, u(·, t) is not quasi-concave in
B(0, R) for all sufficiently large t , and by (4.24) we have assertion (b). Thus, Theorem 2
follows. 
�
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