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Abstract In this paper we consider the Cauchy problem for the heat equation with a non-
negative potential decaying quadratically at the space infinity and investigate local concavity
properties of the solution. In particular, we give a sufficient condition for the solution to be
quasi-concave in a ball for any sufficiently large ¢, and discuss the optimality of the sufficient
condition, identifying a threshold for the occurrence of local quasi-concavity.
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1 Introduction
Consider the Cauchy problem for the heat equation with a potential,

[a,u—Au+V(|x|)u =0in R x (0, ), 0

u(x,0) = @(x) in RV,

where 9, = d/dt, N > 2, ¢ € L3RV, e"“z/“dx), and V is a smooth nonnegative function
behaving like

Vi) =or 2(1+0(1)) as r— 00 (1.2)

D. Andreucci ()

Dipartimento di Scienze di Base e Applicate per I'Ingegneria,
University of Rome La Sapienza, via A. Scarpa 16, 00161 Rome, Italy
e-mail: andreucci@dmmm.uniromal.it

K. Ishige
Mathematical Institute, Tohoku University, Aoba, Sendai 980-8578, Japan

@ Springer
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for some w > 0. More precisely, we assume the following condition on the potential V': there
exists a nonnegative constant w such that

(i) V=V(x)ecC'(R"Y),
(i) V(r) =0 in [0, 00),

(iii) lim sup r* ‘V(r) — a)rfz‘ < oo for some k > 2, V)
r—00

(iv) limsup r3|V'(r)| < oo.
r—00

Then, Cauchy problem (1.1) has a unique solution # in the function space
X :=L*® (0,00 12 (RN)> NnL? (0,00 - H! (RN))

(see for example [14] and [15]). In this paper, under condition (V), we consider the large time
behavior of the solution # and investigate local (spatial) concavity properties of the solution
u.

The study of concavity properties of solutions of parabolic equations is a classical subject
and has been studied extensively by many mathematicians (see for example [1-9], [16—
26], and references therein). Among others, in [6], Brascamp and Lieb proved that, for any
nonnegative solution u of the Cauchy problem for the heat equation,

du—Au=0 in RY x(0,00), u(x,0)=¢x)>0 in RY, (1.3)

u(-, 1) is log-concave in R for all t > 0 if the initial function ¢ is log-concave in R" This
preservation of log-concavity holds for the Cauchy—Dirichet problem of nonlinear parabolic
equations of several types in strictly convex bounded domains (see for example [9] and [22]).
Furthermore, if ¢ is supported in the ball of radius R > 0, then the solution u(-, ) of (1.3)
is log-concave for all > R? /2 without the log-concavity of the initial function ¢ (see [24]).
In addition, it is known that the quasi-concavity, that is, the convexity of superlevel sets of
the solution, is not preserved by heat flow if N > 2 (see [16] and [17]). For the heat equation
with a potential,

Ju—Au+V@u=0 in RY x(0,0), (1.4)

in [2-4], Borell assumed that V ~1/2 is concave in R", and studied the concavity properties
of the fundamental solutions and the ground states of (1.4). However, as far as we know,
there are no results treating concavity properties of the solutions of the heat equation with a
potential satisfying (1.2).

On the other hand, in [10-13], the second author of this paper and Kabeya considered
Cauchy problem (1.1) under condition (V), and studied the large time behavior of the solu-
tions and their hot spots. The large time behavior of the solutions and their hot spots heavily
depend on the behavior of potential V' at the space infinity, and they are characterized by the
harmonic functions for the operator —A + V.

In this paper we develop the arguments in [10-13], and study local concavity properties
of the solution u(-, t) of (1.1). In particular, for any R > 0, we give a sufficient condition for
the solution u(-, ) of (1.1) to be quasi-concave in the ball B(0, R) := {x € RV :|x| < R)
for all sufficiently large ¢ (see Theorem 1 (c)). Furthermore, we discuss the optimality of
the sufficient condition and prove the existence of the threshold number w, discriminating
between the cases where the solution has a local quasi-concavity property for all sufficiently
large ¢ or not (see Theorem 2 and (1.6)).
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Before stating the main results of this paper, we give the notion of y-concavity (y €
[—o0, oo]), log-concavity, and quasi-concavity for nonnegative functions in a convex domain.
See also [6] and [21].

Definition 1 Lety € [—oo, co] and 2 be a convex domain in R . We say that a nonnegative
function f in 2 is y-concave in 2 if the support of f in 2 is convex and f satisfies

(1) f is a constant function on the support of f for the case y = o0;

(ii) fY is concave on its support for the case y > 0;

(iii) log f is concave on its support for the case y = 0;

(iv) f7? is convex on its support for the case y < 0;

(v) all of the superlevel sets {x € Q2 : f(x) > A} with A > 0 are convex

for the case y = —oo0.

More precisely, we say that a nonnegative function f in €2 is y-concave in  if f satisfies
the inequality

FA=x+Ary) > M, (f(x), f(¥). M)
forall x, y € Qand A € (0, 1), where

[(1 = 2a) +2a']"" fory # —00,0, o0,

1-x A
ay “a fory =0,
My(ag,a;,2) =14 ° ! v
max{ag, a; } for y = oo,
min{ag, a} for y = —o0,

if ag, a; > 0 and M (ap,a;,2) = 0if agp = 0 or a; = 0. Furthermore, we say that f is
log-concave in Q2 if f is O-concave in 2 and that f is quasi-concave in Q2 if f is —oo-concave
in Q.

We remark thatif —oo <y’ < y < ocoand f is y-concave in 2, then f is y’-concave in £
and that quasi-concavity is the weakest notion in the concavity properties given in Definition
1. For further properties of y-concavity, see for example [21, Section 2].

We introduce some notation. For any w > 0, let o(w) be the nonnegative root of the
algebraic equation o (o + N — 2) = o, that is,

—(N=2)+ (N —2)? +4o
5 :

a(w) = (1.5)

Let {wr )32, be the eigenvalues of the Laplace-Beltrami operator —Agy-1 on the (N — 1)
dimensional sphere SN¥=1 guch that 0 = wy < w; < ---, thatis, wx = k(N — 2 + k),
k=0,1,2,.... Here we remark that

a(wy) =k, k=0,1,2,....
Then, by (1.5) we can define a positive constant w,. uniquely by
a(wy + @) = a(wy) + 1 (1.6)

(see Lemma 2.1). For any k = 0, 1,2, ..., let [y and {Qk.; f":l be the dimension and the
complete orthonormal system of the eigenspace corresponding to wy, respectively. Then, we
see l[p = 1 and [; = N and have

X X Xi .
00,1 (*) = qo, 01, (*) =q— (@(@=1,...,N), (L.7)
|x| x| | x|

@ Springer



332 D. Andreucci, K. Ishige

where
—1/2

g0 = /da . q1=qoVN, (1.8)

N—-1

and do is the surface measure on SV ~!. On the other hand, under condition (V), there exists
a solution U of the ordinary differential equation

" N-—1 ’ Wi . .
U+ 5= = (V) + 25 ) U =0 in (0,00) suchthat limsupU(r) < oo
r r r—0
(1.9)
(see Sect. 2.1). Then, there exists a constant d such that
U(r) =dn(r)(14+0()) as r — oo,
where
log2+r) if (N,w,k)=(2,0,0), V £0,
=1 voron . (1.10)
r k otherwise

(see Sect. 2.1). We denote by Uy the solution of (1.9) satisfying lim Uk (r)/n(r) = 1. Fur-
r—00

thermore, forany k =0,1,2,...andi =1, ..., [, we put

Ui (x) = Ur(Ix]) Ok (li—l) (1.11)

Then, Uy ; (x) is a stationary solution of (1.1), that is, Uy ; satisfies
— AU +V(x)DU; =0 in RV, (1.12)

which implies

dg / ulx, t) Uy, (x)dx =0, t >0,
t e
for the solution u of (1.1). These functions U ; (x), in particular, Up 1(x) and Uy ; (x) (i =
1,..., N), play an important role in the study of the large time behavior of the solutions of
(1.1) and their hot spots (see [10-12]).
Now we are ready to state our main results of this paper. We first give a sufficient condition
and a necessary condition for the solution u(-, ) to have a local concavity property.

Theorem 1 Assume condition (V) and let u € X be a solution of problem (1.1) such that

g e L2RY, P Adx), M= /go(x)uo,l(x)dx > 0. (1.13)
RN
Then, for any R > 0, there exists a constant T with the following properties:
(@) u(x,t) >0forallx € B(O,R)andt > T;
(b) if the function u(-, t) is quasi-concave in B(0, R) for some t > T, then V(r) = 0 on
() z[](v)’VIZ}]”) = 0in [0, R] and w < wy, then the function u(-, t) is concave in B(0, R) for
allt > T.
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Theorem 1 implies that the solution u of (1.1) is not necessarily quasi-concave in a ball
B(0, R) for any sufficiently large ¢ even if the initial function ¢ is log-concave in R and
that the flatness of the potential around the origin induces the local quasi-concavity of the
solution u for all sufficiently large ¢. Furthermore, we see that, under condition (V), if u is
quasi-concave in RY for all sufficiently large ¢, then V(r) = 0 on [0, 00), that is, u is a
solution of the heat equation.

Next we study the local concavity property of the solution of (1.1) for the case @ > w.
By Theorems 1 (c) and 2 we see that, if V(r) = 0 on [0, R] for some R > 0, then the
case w = w, is a threshold discriminating between the cases where the solution u(, t) is
quasi-concave in B(0, R) for all sufficiently large . We prove that, for the case w > w,, even
if V(r) = 0 on [0, R] for some R > 0, u(-, t) is not necessarily quasi-concave in B(0, R)
for any sufficiently large 7.

Theorem 2 Assume condition (V) and that V (r) = 0 on [0, R] for some R > 0. Then, there
holds the following:

(a) if either o > wy or (N, w) = (2, wy), there exists a nonnegative solution u € X with
the initial function ¢ € Cq (RN) such that u(-, t) is not quasi-concave in B(0, R) for
any sufficiently large t;

(b) if o = wx and N > 3, there exists a solution u € X with the initial function ¢ €
Co (RN) satisfying

/(p(x) Up1(x)dx >0
RN
such that u(-, t) is not quasi-concave in B(0, R) for any sufficiently large t.

We give the idea of the proofs of our theorems. In [10, Theorem 1.1], [11, Theorem 1.1],
and [12, Theorem 1.1], the first asymptotic expansion of the solution of (1.1) has been already
obtained, and there hold

lim ¢ 4@y(x, 1) = C\MUp(x]) if (N, w) # (2,0),
=00 (1.14)
Jim t(logt)u(x, 1) = CaMUy(|x|) if (N,w) = (2,0),

— 00

uniformly for all x in any compact set of RY, where C| and C; are positive constants.
However, geometric properties of the solution are not necessarily determined by the first
asymptotic expansion of the solution. Indeed, if V(r) = 0 on [0, R] for some R > 0, the
function Up(]x]) is a constant function in B(0, R), and the asymptotics (1.14) cannot deter-
mine the geometric properties of the solutions of (1.1). Therefore, if V (r) = 0 on [0, R] for
some R > 0, we have to study in detail the large time behavior of solution of (1.1). For the
case (N, w) # (2,0), we follow the arguments in [10] and [11], and study the large time
behavior of radial solutions {vg ;} of the equation

Wk
ogv=Av—(V(x)+—)v
|x |2

(see also (2.1)). Then, we obtain

N N
u(x,t) = coMt™2 %@ _ 661‘7770‘(“’)71|x|2

N
_i_zcit—%—a(aﬁwl)xi +0 (t—g—ot(w—sz)) (1.15)

i=1
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for all x € B(0, R) and all sufficiently large ¢, by using the fact: for any k € Ny,
Uer) = dir*,  r €0, R],

for some positive constant di if V = 0 in [0, R]. Here ¢y, c(/), ci, ..., CN are constants, in
particular, due to M > 0, cp, and c6 are positive constants. Then, the second term in the
right-hand side of the asymptotic expansion (1.15) yields the local concavity property of the
solution u, and we have assertion (c) of Theorem 1 for the case (N, w) # (2, 0). Similarly,
for the case (N, w) = (2,0), we can obtain assertion (c) of Theorem 1 with the aid of the
results of [12]. Thus, we have Theorem 1. On the other hand, for the case w > w,, we have
a(w + @) < a(w) + 1 (see Lemma 1), and we can choose an initial function for which
the last term O (¢~ V/2-2@+@)y ip the right-hand side of (1.15) determines the geometric
properties of the solution in B(0, R). Then, we can prove Theorem 2.

The rest of this paper is organized as follows: In Sect. 2, we recall some preliminary
results, which are obtained in [10-12]. In Sect. 3, we study the large time behavior of the
radial solutions v ; and their derivatives. Section 4 is devoted to the proof of Theorems 1
and 2.

2 Preliminaries

In this section we recall some results given in [10—12] and study the radial solution vy of the
problem

Wk . N
8,v:Av—(V(|x|)+W)v in RY x (0, c0),
X
v(x,0) = ¢ (x) in RV, .1
limsup |v(x, )| < oo forany t > 0,
x—0

where k = 0, 1,2, ... and ¢ is a radial function in RY such that ¢ € LZ2(RY, pdy) with
p(y) = PP/,

2.1 Solutions Uy of problem (1.9)

We consider problem (1.9) under condition (V). Since the function rk is a solution of
w N=1_ o .
U'+ —U ——=U=0 in (0,00),
r r2

we apply the method of variation of constants and see that the solution U of problem (1.9)
satisfies

r S
U(r) = dr* +r’</s‘*2k*N /TN“C*IV(r)U(z)dr ds, re€(0,00), (22)
0 0

for some constant d. This representation with the standard arguments in the ordinary differen-
tial equations implies the existence of the solution U of (1.9), which is uniquely determined
by the limit of U (r)/n(r) as r — oo (see [10-12]). Here, n = n(r) is the function given in
(1.10). We denote by Uy the solution U of (1.9) satisfying

Jim U(r)/n@r) = 1. (2.3)
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Then, (2.2) yields
r s
Ur(r) = dir* + rk/s]_zk_N /TN+k—1V(1:)Uk(r)dr ds, re(0,00), (24)
0 0
for some constant d; > 0, and we see that

Ue(r) = dir* =0, UL(r) > kdr*™! > 0 2.5)

for all » > 0. In particular, for the case k = 0, we have

Uop(r) > Up(0) =dy >0 forall r > 0. (2.6)
Furthermore, since lim sup Ui (r) < oo, for any L > 0, we have sup Ui(r) < 0o, and by
r—0 O<r<L
(2.4) we obtain
dl
iU =crtT =012 2.7)
,

forall » € (0, L), where Cy is a constant depending on L and k. In addition, if V(r) = 0 on
[0, R] for some R > 0, by (2.4) we have

Up(r) = dir*,  r €0, R]. (2.8)

For the details in the argument above, see [10, Lemma 2.2],[11, Lemma 2.1], and [12, Lemma
3.1]. Furthermore, we have:

Proposition 1 Assume (V)andletk =0, 1,2, .... Let f be a continuous function on [0, 00)
and put
r s
Fi[£10r) = Ur(r) / sV U917 / VU () f(n)dT | ds. (2.9)
0 0

Then, there holds the following:

(i) for any solution v = v(r) of

, N-—-1_, Wk )
U+ =——U' = (V) + ) U= [ in (©0,00), (2.10)
r r

satisfying lim sup,._, o [v(r)| < oo, there exists a constant ¢ such that
v(r) = cUk(r) + Fi[ f10r), 1 €0, 00);

(i) if there exist a positive constant R and a monotone increasing function A = A(r) on
[0, R] such that

[f()] = AUk(r),  r €0, R],

then
A(r)
2N

A
[Fe[f10)] = rPUk(r), BRI 0)| < %;,)[%Uk(r) + U],

forallr € [0, R].
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Proof Since function Fi[ f](r) is a solution of (2.10) such that Fi[f](0) = 0, we have
assertion (i) of Proposition 1 by the uniqueness of the solution of problem (1.9). Assertion
(i) of Proposition 1 follows from the definition of F[ f] and the monotonicity of Uy (r) (see
2.5)). O

Next we give a lemma on the definition of w,.

Lemma 1 There exists a positive constant . such that

>1 if 0<w<w,,
a(w+wm) —a(w) 1 =1 if o=w,, 2.11)
<1l if o> w,.

Proof Put f(s) := a(s + w2) — a(s) for s > 0. Then, f(0) = a(w2) — «x(0) =2 > 1. By
(1.5), we have

76 = 5 (VN =27 4+ w2) — VN =22 +45)

| —

which implies lim f(s) = 0 and that f/(s) < O for all s > 0. Then, Lemma 1 follows. 0O
§—>00
2.2 Solutions of problem (2.1)
Letk =0,1,2... and ¢ be a radial function in LZ(RN , pdx). Then, under condition (V),
there exists a unique classical and radial solution v := Si ()¢ € X of (2.1) such that
(1)  v(x,t)Qk,i(x/|x]) is a solution of
du—Au+V(xDu=0 RN x (0, 0),

(i) foranyl <g < p <ooandl =1,2,..., there exists a constant C, independent of
k, such that

@l rvy < cr #) 191l awyy. NGOl 2@y < C17 2R
forall r > 0.

Furthermore, we have the following proposition (see [10, Lemma 3.2], [11, Lemma 2.1], and
[12, Lemma 3.3]).

Proposition 2 Let k = 0,1,2,... and ¢ be a radial function in L2(RN, pdx). Let v =
Si(t)p € X be a solution of (2.1) under condition (V). Then, there holds the following:
(i) let (N, w, k) # (2,0, 0) and assume that

d

lvOll2wyy < C1e7%, 1 >0,

for some constants C1 > 0 and d > 0. Then, for any T > 0 and any sufficiently small
€ > 0, there exists a constant Co such that

; a(wtwy) .
‘(a,’v) (x, r)\ < G U (x)
forall (x,t) € D(T), where j =0, 1,2 and

De(T) = {(x,1) € RN X [T, 0) : |x| < e(l +1)/?);
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(ii) let (N, w, k) = (2,0, 0) and assume that

()2 < C3(1 + 1) 2llog2 + )17, >0,

for some constants C3 > 0 and d’ > 0. Then, for any T > 0 and any sufficiently small
€ > 0, there exists a constant Cy4 such that

|(3/v) (0] = Cscar™=itog@ + 017~ U (1x)
forall (x,t) € D(T), where j =0, 1, 2.
Next we put
w, ) =1 +0%v, 1), y=0+0"2x, s=Ilog(l+1). 2.12)
Then, the function w satisfies
osw = Lw := L*w — V(y, s)w in RY x 0,00), w(y,0) =¢(y) in RN,

where

1 N
L*w := —div(pVw) + —w — @+ Ok
0

~ . s w ﬁ
5 e Y V(y,s):=e'V(iery) — e’ p(y)=ed .

The operator L* has the following property (see [10, Lemma 3.3]).

Proposition 3 Letw > 0and k =0, 1,2, .... Let {7 ;}{2,, be the eigenvalues of
L*¢=—xp in RV,
¢ is a radial function in RN with respect to 0, (E)
¢ € H'(RY, pdy),

such that Ao < Akl < --- Then, Ay = (a(w + wi)/2) + i and all the eigenvalues are
simple. Furthermore, the eigenfunction gy corresponding to A is given by

_ a(w+wy) |y|2
Pk (y) = cklyl exp\ =)

where cy is a positive constant such that || k|| 2 RN pay) = 1-

,pdy

Then, we can expand the function w(s) to the Fourier series of the eigenfunctions of
problem (E) and have the following proposition on the large time behavior of the function
w. In what follows, we write || - || = || - lL2RY, pdy) for simplicity.

Proposition 4 Assume the same conditions as in Proposition 2. Let w be a function defined

by (2.12). Then, there holds the following:

(i) let (N, w, k) # (2,0,0). Then, there exists a positive constant Cy such that

o (w+

Wy, )
TSl s > 0. (2.13)

lwI < Cre”
Furthermore, for any L > 1, there holds

o((a)+(uk)s
e 7 Cw(s) — akgk

lim
§—>00

=0, (2.14)
C2({L~'<|y|=L})
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where
ay = ck/Uk(|x|)¢(x)dx. (2.15)
RN

Here cy, is the constant given in Proposition 3;
(ii) let (N, w, k) = (2,0, 0). Then, there exists a positive constant Cy such that

lw)| < Cas™ 'l s> 0. (2.16)
Furthermore, for any L > 1, there holds

Slingo lsw(s) — 2aopoll c2¢(z-1<)y)<1y) = 0- (2.17)

Assertion (i) of Proposition 4 is given by Proposition 3.2 in [10] and assertion (ii) by Lemma
3.6 and (3.33) in [12].

3 Behavior of the solution of (2.1)

In this section we study the large time behavior of the solution of (2.1) by using the results
given in Sect. 2. We first give an upper estimate of the solution of (2.1).

Lemma?2 Letk = 0,1,2,... and ¢ be a radial function in LZ(RN, pdx). Then, for any
T > 0 and any sufficiently small € > 0, there exists a constant C such that

N a(wtwr) .
1S OB100)] < [Ct 12V RU(xD o if (N,w,k)#(2,0,0), 3.0)
Ct= = (log(t +2)2Uo(IxDlI$ll if (N.w,k)=(2,0,0),

forall (x,t) € D(T) andl > k.
Proof Letl > k. By the comparison principle, we have

LS ()Pl ()| < [Si(D)]P11(x) < [Sk(D)]pl1(x) (3.2)
for all (x, 1) € RY x (0, 00). On the other hand, (2.13) and (2.16) imply that

N _ a(otop)

Cil+ 07577 gl if (N, w,k) # (2,0,0),
Cr(1+0" % [log(t + 217V Igll if (N, w, k) = (2,0,0),

1Sk @1#lll2 < ‘

for all + > 0, where C| is a constant. Then, by Proposition 2 and (3.2) we have inequality
(3.1), and Lemma 2 follows. ]

Next, combining Propositions 1 and 4 with Lemma 2, we have:

Lemma3 Letk =0,1,2,...and ¢ be a radial function in L2RY, pdx). Let v = S (t)¢p
be a solution of (2.1) under condition (V). Then, there exists a function { = {(t) defined in
(0, 00), satisfying

dn
an (axci +0(1))d?z‘¥‘“(“’+”“ if (N, w, k) # (2,0,0),

Gt = i (33)
! (aoco +o(1) 21" logN ] if (N.w.k) = (2.0.0).
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ast — oo forn =0, 1, such that
v(x, 1) = LUk (Ix]) + &' O F[UA(x]) + Fi [RI@Z0) G 01 (kD B4

forall (x,t) € RY x (0, 00). Furthermore, for any L > 0, there exist constants C and T
such that

Cr=E—@ron =2y k-l g
if (N, k) # (2.0,0),
C1=3log2 + 0172 x[* g
if (N, w,k) = (2,0,0),

(3.5)

oL [Fl 07 01] ()| <

forall (x,t) € B(O,L) x (T,00)andl =0,1, 2.
Proof By (2.1) and Proposition 1 (i) we can find a function { = ¢(¢) defined in (0, c0),
satisfying
v(x. 1) = cOUk(Ix]) + Fel@) . 01D, (x.1) € RV x (0, 00). (3.6)
The smoothness of v and Fy[d;v] together with (3.6) implies ¢ € C1(0, 00) and
dv(x, 1) = ' OUL(x]) + Fel(37v) (. H)](|x]) (3.7

for all (x, 1) € RV x (0, c0). Then, by (3.6) and (3.7) we have (3.4).
On the other hand, by Proposition 4 we have

_ N _stoto ,
Ol <01 e, 200, g
Cit2[log2 + 017 gl if (N, w,k) =(2,0,0),

forallt > 0, where C is aconstant. Let 7 > 0 and € be a sufficiently small positive constant.

Then, by Proposition 2 and (3.8) we see that there exists a constant C» such that
@] < | GRS N,k #(2,0,0,
' T T | Gt Pllog2 + 012U (XDl i (N @, k) = (2,0,0),

for all (x, t) € D<(T). This inequality together with Proposition 1 (ii) yields

N
C3t™ 2 @t 21X 2U (x| g
if (N,w,k 2,0,0),
Fl@e | < P e D7 GO0 (3.9)
C3t[log(2 + D) |x[“Uo(IxD I #]]
if (N,w,k)=1(2,0,0),
for all (x,t) € D.(T), where C3 is a constant. Then, by (2.7), (2.9), and (3.9) we obtain
(3.5). Furthermore, by Lemma 2, (3.6), and (3.9) we have

tl;rgo ¢(@) =0. (3.10)

It remains to prove (3.3). We first consider the case (N, w, k) # (2, 0, 0). Then, by (2.3)
we have

lim @Oy () = 1,
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and by (3.7) and (3.9), for any v € (0, €), we obtain

NAa(otoy)
t 2

@) (x, 1)

|x|=vrl/2
N _

() + 0(])21—2 a(w+wk)—l)] Uk(vtl/z)

N+a(o+wy)
— el [

— va(w+wk)t%+d(w+wk)+1é-/(t) + O(Ua(w+wk)+2) (3.11)

for all sufficiently large 7. On the other hand, by Proposition 4 (i) and (2.12) we have

N+a(otwp)+H

lim ¢~ 2 (Vio)(x, 1)
t—>00 x|=vr /2
. ot(w+mk)s / 1
= lim e7 2 (Vyw)(y, s) = ar(Vyor) (y) , 1=0,1,2. (3.12)
§—> 00
[yl=v lyl=v

Furthermore, by condition (V) (iii) and (3.12) with / = 0 we have

N+a(w+oyp)
lim ¢ 7 (V(le) - %) v(x, 1)
t—00 [x| x| =vs1/2
N+a(o+wy)
= lim o(t Z )v(x,t) =0. (3.13)
t—00 x|=ve1/2
Then, by (2.1), (3.12), and (3.13) we have
N+a(w+oyp)
lim 7 T (@v)(x, 1)
t—00 Lx|=vr1/2
N+a(wtwy)
= lim ¢~ 2+ [Au - (V(le) + %) ”]
t—00 |x| [x|=ve1/2
N+a(w+wy)
=lim¢ 2z ! |:Av - w ] = dak [Afpk - L;)ktﬂk] .
t—00 [x| x| =vs /2 Iyl lyl=v
(3.14)
Since g (y) = cx|y[*@ @0 e=IP/4 e have
w+ o N
[Am - 72k¢’ki| = - [— +a(w+ wk)] V@ (1 4+ 0 (v)).
Therefore, since v is arbitrary, by (3.11) and (3.14) we have
; T ta(wto)+1 ./ N
lim 72 KTt = —ager | — +a(w+ wp) |, (3.15)
t—00 2

and obtain (3.3) for the case [ = 1. Furthermore, since

() = — / ¢'(5)ds
t

by (3.10), (3.15) implies (3.3) for the case / = 0. Thus, the proof of (3.3) for the case
(N, w, k) # (2,0,0) is complete.
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Next we consider the case (N, w, k) = (2,0, 0). Similarly to (3.11), for any sufficiently
small v > 0, we have

2 (log 1) (;v) (x, 1)

= *(og 1) [¢'(1) + O (v} 2[log(2 + )] 72)] Up(wt'/?)

|x|=vtl/2
= %tz(logt)zg’(t) +00?) (3.16)

as t — oo. Furthermore, similarly to (3.14), by Proposition 4 (ii) we have

= lim >(log?) [Av — V(|x|)v]

1—>00

lim 72 (log t)(3;v)(x, 1)
11— 00

|x|=vtl/2 |x|=vtl/2

= 2a0(Ago)(y)

[yl=v

= lim r*(log1)(Av)(x, 1) = lim s(Aw)(y.s)

S

|x|=ve!/2 lyl=v
= —2apco + 0(1)2).

This together with (3.16) and arbitrariness of v implies that
1
lim —>(log1)%¢ (1) = —2apco,
t—o00 2
which gives (3.3) with [ = 1 for the case (N, w, k) = (2, 0, 0). Furthermore, similarly to in
the case (N, w, k) # (2,0, 0), we have (3.3) with [ = 0, and the proof of (3.3) for the case

(N, w, k) = (2,0, 0) is complete. Therefore, Lemma 3 follows. O

Next we consider the case where V (r) = 0 on [0, R] for some R > 0. Then, by (2.8) we
have

_ X x
Pri(x) := d ' Up(Ix]) Qr.i (m) = xI*Qx.i (m) x| <R, (317
fork =0,1,2,...and i € {l,...,[}, and see that P ;(x) is a homogeneous harmonic

polynomial of degree k. Then, applying Lemma 3, we have:

Lemma 4 Assume the same conditions as in Lemma 3 and let { = {(t) be a function given
in Lemma 3. Assume that V (r) = 0 in [0, R] for some R € (0, 00). Put

~ X
u(x,t) =v(x, 1) Ok, (*) .
|x
Then, for anyl € {0, 1, 2}, there holds
(V1) o) = ¥ [Pt + 0T py o
~ ’ ~ ! 202k +N) '

O (1 Eme o0 2 Hl) i (V. 0. k) # (2,0,0),

(3.18)
O (t73[log 117 2|x[*") if (N,w,k)=(2,0,0),
for all x € B(0, R) and sufficiently large t, where dy. is the constant given in (2.8).
Proof By (2.8) and (2.9) we have
' dkrk+2
U = dir", Fr[U = — 3.19
k(r) = dir ilUr1(r) 20K+ N) (3.19)
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for r € [0, R]. On the other hand, for any / € {0, 1, 2}, we have

Vi Ok, (i)‘ <Clx|”', xeRV,

|x|

for some constant C. This together with Lemma 3, (3.17), and (3.19) yields (3.18), and the
proof of Lemma 4 is complete. O

4 Proof of theorems

Let ¢ € L2(R?, pdx) and u € X be a solution of (1.1) under condition (V). By the same
argument as in [10], we have radial functions {¢y ;} C L2(R?, pdx) satisfying

oo Ik
¢ =2 drillx) Qi (i) in L*(R?, pdx). @.1)

k=0 i=1 Ix

Then, under assumption (1.13), by the orthonormality of {Qy ;}, (1.7), (1.11), and (4.1) we
have

M= / (¥ U1 (¥)dx = g / o) Up(lxdx = go / g0.1 (XD Uo(xdx > 0,
RN RN

RN
4.2)
where ¢ is the constant given in (1.9). Furthermore, putting
X
Qp,i (x) = ¢k,i(Ix]) Qi A
we have
oo I
el =D D" 1wl (4.3)
k=0 i=1

Forany f € L2(RN, pdx), let S(r) f € X be a solution of (1.1) with the initial function f,
and put

up,i(x, 1) = (S(O) P i) (x).

Then, we define a function E,,u (m =1,2,...) by

m—1 I m—1 I
(En) (1) = u( 1) = > > i) =80) o= D D D | (44)
k=0 i=1 k=0 i=1

We remark that assertion (i) of Sect. 2.2 implies that

X

wpi (x, 1) = vpi (x, 1) Qi (7) in RY x (0, 00), 4.5)

|x
where vi ; (x, t) = [Sk(t)¢k.i1(x), and by (1.8) we have

luri (Dll2 = qollve,i ()ll2 (4.6)
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for all # > 0. Furthermore, by the orthogonality of {Qy ;} and the radial symmetry of vy ; we
have

/uky,-(x,t)uk/y,-/(x,t)dx =0 if (ki)£ K, i) A4.7)

RN

for all + > 0. Then, we have:

Lemma 5 Assume the same conditions as in Theorem 1. Let m = 1,2, .... Then, for any
L > 0andl =0, 1,2, there exists a positive constant C such that

Vi (Epu) (x| < CrmFa@ton g (438)
forall x € B(0, L) and all sufficiently large t.

Proof Letm € Nsuchthatm > m > 1 and a(w + w;) > 2a(w + wy). Let T > 0. Since it
follows from (3.2) that

[ok,i (¢, O] = [[Sk(Dr,i 1) | < [Sin ()|, [1(x)
for all (x, 1) € RN x (0, 00), by (4.6) we apply (3.8) to obtain

a(wtwg)

N _
lluk,i (2 = qollvk,i ()2 < Cigo(1 +1)" 4 7 ||l

a(otoy)

N
=Ci(I+85)" % 77 || Dl

forallt > 0,k >m,andi =1, ..., I, where C; is a constant independent of k and i. This
together with (4.1), (4.3), and (4.7) implies that

oo i
IEan O3 = DD i @13
k=m i=1
N ad L N
< Cpm 2RO NNy P = Cr T @O |2 > T (49)
k=m i=1

On the other hand, since (E;u)(t) = S(¢/2)[(E;u)(t/2)], the comparison principle together
with (V) (ii) implies that

(Enu)(x, 0] < [P 1Ezn) /D] (), (1) € RY x (0, 00).
This together with the standard L”—LY estimate for the heat equation and (4.9) yields

I(Ezu)(0)lloo < "> (Ezu)(t/2)] ]l
(a)+w”-1)

N N_ ¢
= G T (Ezu)(t/2)ll2 = C3t7 272 ol (4.10)
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forallt > 2T, where C, and C3 are constants. Therefore, since a(w + w;;) > 20(w + wp),
by (3.1), (4.3), (4.4), (4.5), and (4.10), for any sufficiently small € > 0, we have

m—1 I

X
[(Enu)(x, )] < DD o (6, 1) Qi (ﬁ)‘ +(Ezu)(x, 1)
k=m i=1 x
m—1 I
< Cy DD o ()| + [(Eau)(x, 1)
k=m i=1
N m—1 I N
< Cst™ 27RO (x]) 30D il + Car T OO g
k=m i=1

N
< Cet™27%@Fem) (1 1 U, (IxD) |l

for all (x,1) € D:(2T), where C4, Cs, and Cg are constants. This implies inequality (4.8)
with [ = 0. Furthermore, by (4.8) with [ = 0 we apply the parabolic regularity theorems to
obtain inequality (4.8) with [ = 1, 2. Thus, Lemma 5 follows. O

Now we are ready to prove Theorems 1 and 2.

Proof of Theorem 1 We first prove assertion (a). Let R > 0. By Lemma 3 with £k = 0 and
(4.2), we see that there exists a function ¢y = ¢o(¢) defined in (0, 0o) such that

" (M +o()p=¥a@ it (N,0) £ (2,0),
diné'O(t) — dl‘gn 4.11)
t (4cM+o(1))@[t_l(10gt)_2] if (N, »)=(2,0),

and

v0.1(x, 1) = Lo(OUo(r) + L5t FolUol(r) + Fo [Fol (37 vo, )¢, D1] (Ix])  (4.12)

for all x € B(0, R) and all sufficiently large ¢, where n = 0, 1 and

% %
€= / $0,1(x)Up(|x)dx = — > 0.
q0
RN
Then, since ug,1(x, 1) = qovo,1(x, 1), by (3.5), (4.11), and (4.12) we have
(Viuo. ) (x, 1) — go Vi [S0()Uo(r) + (1) FolUol(r)]

r=lx|

_[oaFe @2ty it (V. w) # 2.0, 4.13)
O (logn)?x[*) if (N, w) = (2,0), |

forall x € B(0, R) and all sufficiently large t, where / = 0, 1, 2, Then, since cM > 0, (4.11)
and (4.13) imply

G >0, GO <0, 5O =06 %), (4.14)
(Viuo.) v, = a0¥% [0Vt + G FlUI®]| =0 (gl

(4.15)

r=lx|
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forallx € B(0, R) and all sufficiently large t, where = 0, 1, 2. Therefore, by (4.14), (4.15),
and Lemma 5, we have

(Viu) (.0 = g0V [0 Up(lxD) + £(1) Fol Ul (lx )]
=0 (g w) + (ViElu) (., 0)=0 (g ®)]) + 0 (t—¥—“<w+w1>)
(4.16)

for all x € B(0, R) and all sufficiently large ¢. In particular, by (2.6) and (4.14) we have

u(x, 1) = golo(HUo(r) + O (1 2o(1)) + O (f%*“wwl)) > @go(t) =0

for all x € B(0, R) and all sufficiently large ¢. This gives assertion (a).

Next we prove assertion (b) of Theorem 1. Assume that V(r) # 0 on [0, R] for some
R > 0, and let rg € (0, R) such that V(rg) > 0. Then, by (2.4) and (2.6), we see that there
exist positive constants § and 1 such that

,
Uh(r) = r‘*N/rN”V(r)Uo(r)dr >n>0
0
forallr € [ro— &, ro+ 8] C (0, R). This together with (4.11), (4.14), and (4.16) implies that

(@) (. 1) = qoSo V(D) + O~ 200 + 0 (17T~} = Ty > 0
(4.17)

for all x € RN withrg — 8 < |x| < ro + 8 < R and all sufficiently large 7. Put

A(t) == up,1(x, 1)

= qovo,1(x, 1)

|x|=ro [x|=ro

By Lemma 5 and (4.11), we have

u(x, ) —A(t) = (Equ)(x, 1)

lx|=ro

= 0(5o(1).

[x|=ro

This together with (4.17) implies that, for any @ € SV~ and any sufficiently large ¢, there
exists a constant 7 (w, t) € (rg — 8, ro + 8) such that

u(r (@, N, 1) = ().
Then, by (4.17) we have
[x eRY:/r (|i—|t) < x| < ro—i—(S] C{x e BO,R): ulx,1) > A1)}
and
[xeRN:r0—6 < Ixl <r(|i—|,t)]ﬂ{xe B(O, R) : u(x,1) > A(t)} = 0.

These imply that the function u (-, ) is not quasi-concave in B(0, R) for any sufficiently large
t. Thus, we obtain assertion (b).
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It remains to prove assertion (c). Let V(r) = 0 on [0, R] for some R > 0, and assume
o < wy. Leta, B €{l,..., N}, and put 9, := d/dxy. Then, by (1.7) we have

Po1(x) =qo, 0408P1;(x)=0 (i=1,...,N),
and by Lemma 4 and (4.11) we obtain

(9 dpuo.1)(x. 1) = “—q“co(r)aa,s +0 (g ml). 4.18)

(Dadpit.)(x. 1) = O (f?*“wwl)*‘), i=1,...N, 4.19)

for all x € B(0, R) and all sufficiently large 7, where i € {1, ..., N}. On the other hand, by
Lemma 1 we have

a(w+ @) > a(w) + 1. (4.20)
Then, by Lemma 5, (4.11), and (4.18)—(4.20) we have

N

0q0pgu(x,t) = (g 0puo,1)(x, 1) + Z(%aﬁul,l’)(x, 1) + (040 Epu)(x, 1)
i=1

Mgo(t)(saﬂ +0 ( _1|§(;([)|) +0 (Z—%—a(w-&-wl)—l) +0 (t—%—oz(wﬂuz))

d
L%;o(t)aaﬁ + o) @21

for all x € B(0, R) and all sufficiently large ¢. Since ;6 (1) < Oby (4.14), (4.21) implies that
u(-,t) is concave in B(0, R) for all sufficiently large ¢. Therefore, we have assertion (c) of
Theorem 1, and the proof of Theorem 1 is complete. O

Proof of Theorem 2 Let ¢ be a smooth function in [0, co) such that supp¢ C (1/2, 1) and
¢ > (%) 0in [0, co). Without loss of generality, we can assume that

2.2
Q21(|"|) P22 (4.22)

for some positive constant g2, and by (3.17) we have

P1(x) = |x] Q21(| I) a (xf —x3).
For any i > 0, put
o) = ¢(Ix)) +q; 'he(Ix) (x7 —x3),  xeR.
Then, defining ¢ ; as in (4.1), we see that

¢ (IxD) for (k,i) = (0, 1),
dri(1x]) = 1 hp(xDIx|* for (ki) = (2, 1), (4.23)

0 otherwise,

and have

M=q / do1(KNUo(xDdx > 0, M’ = / Gr.1 (KDUs(lxDdx > 0. (4.24)
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Furthermore, by (4.23) we have
upi(x,t)=0 (G =1,...,N) and (Eu)(x,t) =uz1(x,1). (4.25)

Then, by (2.8) and (4.24) we apply Lemma 4 to u | to obtain

N_

(02 E2u) (v.1) = (0Fuz,1) (6, 1) = C M~ 3 7o@ke) 4 (1= Fratoron )
(4.26)

for all x € B(0, R) and all sufficiently large ¢, where C| is a positive constant.
We first prove assertion (a). Since @ > wy or (N, w) = (2, wy), by (4.11) we have

f4) = o (1~ i)

as t — oo. Then, by (4.21), (4.25), and (4.26) we have

oM’
(31911) (x, 1) > ‘2 mraloter) o (4.27)

for all x € B(0, R) and all sufficiently large ¢. This implies that u(-, ) is not quasi-concave
in B(0, R) for all sufficiently large 7. Furthermore, taking a sufficiently small 2 > 0 so that
¢ > 0in RV if necessary, we see that u(x, ) > 0 in RY x (0, 00), and obtain assertion (a).

Next we prove assertion (b). Since ¢(w) + 1 = a(w + wy), by (4.11) and (4.24) we see
that there exists a positive constant C, such that

55(0) = —(CaM + o)1~ T 4@ = —(C3M + o(1))r~ 3 ~e(te)
ast — oo. Then, by (4.18), (4.21), (4.25), and (4.26) we have

dogoCr M
@%u)(x, 1) = (—‘””T2

+CM + 0(1))) =3 et (4.28)
for all x € B(0, R) and all sufficiently large . On the other hand, by (4.24) we can take a
sufficiently large % so that

dogoCaM
—M+C1M’>O.

Then, by (4.28) we have
@2u)(x,1) > 0

for all x € B(0, R) and all sufficiently large ¢. Therefore, u(-, f) is not quasi-concave in
B(0, R) for all sufficiently large ¢, and by (4.24) we have assertion (b). Thus, Theorem 2
follows. m]
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