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Problem 1 Recall the complex numbers are given by
C={z+iy:z,y € R}.

(a) Show that C is a vector space over R. What is the dimension?

Usually, when we consider C as a vector space we assume it is considered as a
vector space of dimension one over C. Let us denote the vector space C as a
vector space over R by Cg.

(b) Let L(C) denote the collection of all linear functions L : C — C. You should have
characterized this collection in Problem 1 of Assignment 4. Show that L(C) is
a vector space over C. What is the dimension?

(c) Let L(Cg) denote the collection of all linear functions L : Cg — Cg. Show that
L(CR) is a vector space over R. What is the dimension of L(Cg)?

(c¢) Can you compare L(C) and L(Cg)? Hint: Can one be realized as a subset of
the other? What happens to the algebraic properties?



Problem 2 Consider the two dimensional vector space of polynomials of degree less
than or equal to one:
Pilz] ={ax +b:a,be R}

Let L : P[x] — Pi[z] by
Ljax 4+ b] = (a + b)x + b.

(a) Express L in terms of differentiation. Hint: Note that if p(x) = ax + b, then
a=p'(z). (So what is b?)

(b) Show that L is linear.

(c) Express L in terms of matriz multiplication with respect to the basis By = {x, 1}
(for both the domain and the co-domain).

(d) Show that By = {x + 1,3} is a basis for Pi[x].
(e) Consider the linear transformation T : Py[x] — Pi[x] given by matriz multiplica-

tion with the matriz
2 3
-1/3 0

with respect to the basis By (for both the domain and the co-domain). This
means

Tla(z + 1) + 3b] = (2a + 3b)(z + 1) — (a/3)(3)

(2 0) (3)=("03")

Calculate Tazx + b]. What interesting thing does this tell you?

because



Problem 3 (Boas 3.11.35) Let L : R? — R? be a linear function. Show the following:

If there exists a basis B = {v, w} such that the matrix of L with respect
to B (for the domain and co-domain) is a symmetric matrix, then L has
a real eigenvector.

Two more related questions:

(a) What additional conditions are required to show there exists a basis for R? con-
sisting of eigenvectors of L?

(b) Is it possible that the matriz of L with respect to the standard unit basis {e;,eq}
is not symmetric?

Problem 4 (Boas 3.2.14) Consider the system of linear equations:

2 + 3y — 2z = =2
r + 2y — z = 4
dr + Ty — 3z = 11

(a) Write down the equivalent matriz equation and identify the coefficient matriz,
the unknown vector, and the inhomogeneity.

(b) Find a basis for the column space consisting of columns of the coefficient matriz.
(c) Find a basis for the solution space of the associated homogeneous equation.

(d) What is the solution set of the (original) system?



Problem 5 (Boas 5.11.13) Consider L : R?* — R? by

$(3)=(35)

(a) Find the eigenvalues of L by considering the equation

2— A 2
det( 9 _1_)\):0.

(b) Consider A : R? — R? by A(&,n)T =T 1o LoT(&,n)T where T : R? — R? by

r(5) - (5)

(The linear transformations L and A are said to be conjugate or similar ).
(i) Draw {T(E,n)T & +n? = 1} with {T(,n)T : & +n* =1,€ > 0} red and
{TEn)T: 2 +n*=1,£ <0} blue.

(ii) Use computational software to draw {L o T(&,n)T : & +n? = 1} with
[LoT(€m)T : €412 = 1,€ > 0} red and {LoT(, )" : €41 = 1,€ < 0}
blue.

(iii) Use computational software to draw {T o LoT(&,n)T : €2 4n? = 1} with
(TP o LoT(En)" : &€ +n* =1,£ > 0} red and {T" o Lo T(&n)"
E+n*=1,£ <0} blue.

(iv) Find an equation of the form

satisfied by the points in {T" o Lo T(&,n)T : € +n* = 1}. (Determine
the values of a and b.

(v) Find an equation of the form
Az? + Bay + Cy? = 180

satisfied by the points in {L(z,y)t : 2? +y? = 1}.



(c) Define a function eX : R? — R? by

“(5)-25v(7)

where L7 is iteration, meaning apply L over and over again j times, as usual.

e(y) wae 2(y)

If you do this directly, it should convince you that it is not exactly straight-
forward to find the value of e. You can complete the remaining parts of
this problem to find that value.

(ii) Find the value of

(1) Find the values of

Aj<g) fork=0,1,2,3,....

(iii) Notice that L (z,y)T =T o A o T~ (z,y)T.
(iv) Notice that the partial sum

b L
— j! y — j! y

(v) Find the value of



Problem 6 Consider L : R? — R? by

(3)-(%)

y 3y

(a) Use computational software to draw {L(x,y)T : 2? +y? = 1} with {L(z,y)" :
22+ y?=1,2 >0} red and {L(x,y)T : 2> +y?> = 1,2 < 0} blue.

(b) Draw L(1,0) and L(1/v/2,1/3v/2)T on your figure.

(c) What kind of set/curve do you think {L(z,y)" : 2* +y? = 1} is? Can you prove
your assertion?

(d) Find a diagonal linear transformation A which is similar to L. (This should
convince you that similarity does not preserve the geometry of a linear function.
In other words, because you understand the geometry of a linear transformation
N which is similar to L, does not mean you understand the geometry of the
mapping L.)

Problem 7 Consider L : C*> — C? given by

(7)) 2 1 2 — w3
w ) 2\ 23+ w
A complex eigenvector for L is a nonzero vector z € C? for which there is a complex

number \ + iy with
L(z) = (A +ip)z.

(a) Find an eigenvector z = Re(z) + i Im(z) for L.

(b) Show that z = Re(z) — iIlm(z) is an eigenvector for L. What is the eigenvalue
associated with z?

(c) Show that {z,z} is a basis for C?.



Problem 8 Draw mapping pictures to illustrate the linear functions L : R? — R?
giwen by Lx = Ax for the following matrices A:

(a) R
A:<01 )(\)2) with A\ < —1< )\ <0.
(b) o
A= ( 0\ ) with A <0.
(c)

A:<)‘ _’u) with — 0< )\ <.

Hint: In case (c) write A as

cos —sinf
@ sin 6 cosf |-



Problem 9 The “forms” given in parts (a), (b), and (c) of Problem 8 are three
canonical forms for matrices, meaning that given any 2 X 2 matriz Ay, there is an
invertible (change of basis) matriz Q for which

QAQ™ = A

with A in one of the “forms” given in Problem 8 (not counting the conditions on the
real values of A1, Ao, X, or ). The matrices Ay and A are said to be conjugate or
simalar.

a) Find the change of basis matriz Q) for which the matriz of the linear function

Find the ch basi triz Q hich th tri the li tion L
from Problem 7 (with respect to the standard basis {e1,e2}) is conjugate to a
canonical form matrix.

(b) Recall that the linear function from Problem 7 had domain and co-domain C2.
The canonical forms from Problem 8 apply to functions with domain and co-
domain R?. Is {(z,y) € C*: x,y € R} a subspace of C*?

(c) Find a subset A C R* which is closed under addition but not under scaling and a
linear function L : R> — R? for which the restriction to A gives a well-defined
function Lo : A — A. In fact, find such an example for which A is a vector

space over a subfield of R and Lq is linear with respect to this vector space.
Hint: Q is a subfield of R.



Problem 10 (Boas Chapter 3 Sections 8 and 14) Given a vector space V' over R, an
inner product is a function (-, -):V x V — R satisfying the following properties:

(i) (symmetric) (v,w) = (w,v) for every v,w € V.
(ii) (bilinear') {av + bw, 2) = a{v, z) + b{w, z) for all a,b € R and v,w,z € V.
(iii) (positive definite) (v,v) > 0 for every v € V with equality if and only if v = 0.

Whenever there is an inner product on a real vector space V, then the length or
norm of any vector v € V is defined by

[o]] = /v, v).

Whenever there is an inner product on a real vector space V', two vectors v and w,
are said to be orthogonal or perpendicular if (v, w) = 0.

(a) Check that the dot product on R™ given by

n
V- -W = E 'Uj'LUj
i=1

18 an inner product.

(b) Given any real vector space V' with an inner product, show
v

‘ vl

that is, v/||v|| is a unit vector.

‘ =1 for any v € V\{0},

(c) Let C°[0,27] denote the real valued continuous functions on the interval [0, 27]
as usual. Recall that this is a vector space over R. Show that

(f.g) = / f(2)g(x) de

defines an inner product on C°[0,1]. This is called the L* inner product.

!Technically condition (ii) is only linearity in the first argument, but in view of the symmetry
condition, an inner product is linear in both arguments, or bilinear.



(d) Consider the order one Fourier polynomials given by
Fy[z] = span{cos z,sinz, 1} ¢ C°[0, 27].

Find an orthonormal basis for Fy[z]. Note: These functions acosx +bsinz + ¢
are not polynomaials in the usual sense, but still they are called Fourier polyno-

mials. Second order Fourier polynomials would look like as cos(2x)+ by sin(2z) +
ajcosx +brsinz + c.

(e) Find the projection of the function f € C°[0,2n] given by f(x) = x onto the
subspace Fi|x].
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