
Extra Problems on Linear Operators

John McCuan

Problem 1 Consider the operators L ∈ L(Cn) with n ≥ 3 and values given as
follows:

(a) L(z1, z2, . . . , zn) = (2z2, 0, 5z3, 0, 0, 0, . . . , 0).

(b) L(z1, z2, . . . , zn) = (z1, 2z2, 3z3, . . . , nzn).

In each case, find all eigenvalues, eigenvectors and invariant subspaces of L.

Problem 2 (projection operator) Consider p : E1 ⊕E2 → E1 ⊕E2 by

p(v1 + v2) = v1 for v = v1 + v2 ∈ E1 ⊕E2 with vj ∈ Ej , j = 1, 2.

Find the eigenvalues and eigenvectors of p. (You may assume Ej is a subspace of the
linear space W = E1 ⊕ E2 and Ej 6= {0} for j = 1, 2.)

Problem 3 Find an operator L ∈ L(R4) with no eigenvalues.

Problem 4 If L ∈ L(Cn) with n ∈ N and

L(z1, z2, . . . , zn) = (z1 + z2 + · · ·+ zn, z1 + z2 + · · ·+ zn, . . . , z1 + z2 + · · ·+ zn),

find all eigenvalues and eigenvectors of L.

Problem 5 Given an eigenvalue λ ∈ C for an invertible operator L ∈ L(Cn), find
an eigenvalue and eigenvector for L−1 : Cn → C

n.

Problem 6 True or False: There exists an invertible operator L : Cn → Cn with a
zero eigenvector.
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Problem 7 Assume L ∈ L(Cn) with n ∈ N and

{

L(v) = 3w
L(w) = 3v

for some pair of nonzero vectors v, w ∈ Cn. Show some integer multiple of 3 is an
eigenvalue.

Problem 8 If L,M ∈ L(Cn) with n ≥ 1, then show L◦M and M ◦L have the same
eigenvalues.

Polynomial of an operator: Given a polynomial P ∈ C[X ] with

P =
k
∑

j=0

ajX
j

and an operator L ∈ L(Cn) with n ∈ N, the linear operator

p(L) = a0 idCn +

k
∑

j=1

ajL
j

where Lj = L ◦ L ◦ L ◦ · · · ◦ L (the composition of L with itself j times) is called
the polynomial P evaluated on L. Note: One can also evaluate a polynomial on
elements of C to obtain a polynomial function, but this evaluation on an operator is
something different.

Problem 9 If L ∈ L(Cn) with n ∈ N, then verify

idCn − L ◦ L = (idCn − L) ◦ (idCn + L) = (idCn + L) ◦ (idCn − L).

Problem 10 If L ∈ L(Cn) with n ∈ N and Ln = L ◦ L ◦ · · · ◦ L (n times) is the
constant zero operator, then express (L− idCn)−1 as a polynomial in L. (You should
also justify the assumption that L− idCn is invertible.)
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Problem 11 If L ∈ L(Cn) with n ∈ N and

(i) L ◦ L = idCn and

(ii) −1 is not an eigenvalue of L,

then (show) L = idCn .

Problem 12 If L ∈ L(Cn) with n ∈ N and L ◦ L = L, then (show)

C
n = N (L)⊕ L(Cn).

Problem 13 If L ∈ L(w) where W is a linear space and W has a basis consisting of
eigenvectors, then (show)

W = N (L)⊕ L(W ).

Problem 14 Consider L ∈ L(C[X ]) by

L

(

k
∑

j=0

ajX
j

)

=

k
∑

j=1

jajX
j−1 = P ′.

(a) Find the null space N (L).

(b) Find the range L(C[X ]).

(c) Find the sum N (L) + L(C[X ]).

(d) Is the sum you found in part (c) a direct sum?

Problem 15 (direct sum of eigenspaces) Recall that given an eigenvalue λ for L ∈
L(W ) where W is a linear space, the eigenspace associated with λ is

N (L− λ id) = {v ∈ W : L(v) = λv}.

Assume λ1, λ2, . . . , λk are distinct eigenvalues for L ∈ L(W ). Then (show)

N (L− λ1 id) +N (L− λ2 id) + · · ·+N (L− λk id)

is a direct sum.
Hint(s): Given subspaces E1, E2, . . . , Ek ⊂ W the sum

E1 + E2 + · · ·+ Ek = {v1 + v2 + · · ·+ vk : vj ∈ Ej, j = 1, 2, . . . , k}
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is always a subspace. What is means to be a direct sum is that for every element
v = v1 + v2 + · · ·+ vk in the sum the projections vj are unique, i.e., there is only one
choice of vj ∈ Ej for which v = v1 + v2 + · · · + vk with vj ∈ Ej , j = 1, 2, . . . , k. If
there is more than one way to write an element v = v1 + v2 + · · · + vk in the sum,
then there is more than one way to write the zero element 0 in the sum.

Problem 16 Assume that for every ν ∈ C, there holds

W = N (L− ν id)⊕ range(L− ν id)

where L ∈ L(W ) with W a finite dimensional complex linear space and range(M) =
M(W ) is the range of a linear operator M ∈ L(W ). Show there exists a basis for W
consisting of eigenvectors of L.

Hint(s): For most values of ν there must hold N (L− ν id) = {0}. Do you know
why?

Problem 17 Assume {v1, v2, . . . , vn} is a basis for a complex linear space W con-
sisting of eigenvectors v1, v2, . . . , vn for a linear operator L ∈ L(W ). Note: Distinct
basis vectors here may correspond to the same eigenvalue.

Show that for every ν ∈ C, there holds

W = N (L− ν id)⊕ range(L− ν id).

Problem 18 Assume {v1, v2, . . . , vn} is a basis for a complex linear space W consist-
ing of eigenvectors v1, v2, . . . , vn for a linear operator L ∈ L(W ). Assume furthermore
that the eigenvalues λ1, λ2, . . . , λn with

L(vj) = λjvj , j = 1, 2, . . . , n

are distinct.
If M ∈ L(W ) and

M(vj) = µjvj , j = 1, 2, . . . , n

for some µ1, µ2, . . . , µn ∈ C, then (show)

L ◦M = M ◦ L.
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