Assignment 2A: Linear Spaces
a solution of Problem 4
counting lattice points

John McCuan

In the following problems a linear space W over a field F' is an Abelian group
under addition for which there exists a scaling o : F'x W — W, with o(u,v) denoted
po for p € F and v € W, and for which the following conditions hold:

(LS1) (p1po)v = py(pev) for all gy, po € F and v € W.

(LS2) 1v =w for every v € W where 1 is the multiplicative identity in F.

(LS3) (u1 + p2)v = pyv + pov for all py, pe € F and v € W.

(LS4) p(vy + v9) = pvy + pug for all € F and vy, vy € W.

Problem 1 Prove that in a linear space W over a field F' there holds
Ov=0

where 0 € F is the additive identity in the field, v € W is any element, and 0 € W
is the zero element in the linear space.

Problem 2 Consider the field Fo = {0, 1} with two elements.

(a) Write down the addition and multiplication tables for Fy. Hint 1 +1 = 0.

(b) Find the multiplicative group of invertible elements.

(c) Find Fo\{0}.



Problem 3 (cardinality) The empty set ¢ has no elements. The set {¢} has one
element. The number of elements in a set S is called the cardinality of S and is

denoted #(S).
#( {oa} )

(a) Find
(b) The quantity in part (a) may also be denoted more “compactly” by

#{as, {cb}}

where the round parentheses have been omitted. This is also the same thing as

#{¢. {¢}}. Find #{0, {0}, {0, {0}}}.

Consider the following “standard” sets:

Sp = {¢}
52 = {¢7 Sl}
Sz =19, 51, Sa}

Sp=Ho}U{S;:5=1,2,...,n—1}

These particular sets are also called ordinal sets,! and they provide a standard for
determining the number of elements in certain sets. A set S is said to have finite
cardinality and one writes #(S5) < oo if for some n € N = {1,2,3,...} there exists
a bijection : S — S,.

One also writes in this case #(S) = n and says the cardinality of S is n.

(c) Determine an appropriate natural number n and find a bijection g : S — S, for
the following sets S of finite cardinality:

(i) S={meZ:-500 < m < 1001} (Remember Z = {0,£1,4+2,£3,...}
denotes the integers.)

L. ..or ordinal numbers. These are not all the standard ordinal numbers, but they are helpful

for counting. If you want to count other quantities (i.e., determine other cardinalities) perhaps it
will be helpful for you to learn additional ordinals.



(ii) S = {(my,mq) € Z* : m¥+m3 < 5}. Remember Z* = {(my, my) : my,m, €
Z} denotes the set of ordered pairs of integers.

(iii) S = {(my,ma, m3) € Z* : m% + m3 + m3 < 5}.

Problem 4 A nonempty set S is said to have infinite cardinality if #(S) is not
finite. A set .S is said to be countable if there is a bijection 5 : N — S.

(a) Show Ny =1{0,1,2,3,...} is countable. That is, find a bijection 3 : Ny — N.
(b) Show Z is countable.

(c) Show Z? is countable.

Solution: My main objective here is to give, first of all, an idea of how a reasonable
solution might look, especially for part (c). Solutions of parts (a) and (b) shouldn’t
take long to type up, so I'll include those too. The point of the problem is to allow
the student to learn what it means to “count” a set mathematically and to count
some countable sets in particular.

(a) As stated, the idea here is to find a bijection 5 : Ny — N. Notice the domain
and codomain can be switched here because 7! : N — Ny will (always) be a
bijection as well. In this case, I can take

B(n)=n+1.

For each n € Ny, the value n+1 is a (unique) natural number (greater than 0).
Thus, 3 is a function with the appropriate domain and codomain. The function
[ is also a bijection. As suggested in the statement of the problem, one needs to
find a bijection. Perhaps if one has done that correctly, the level of additional
justification one needs is something of a matter of taste. It might be reasonable
to give specific verifcation that the function g : Ny — N is a bijection: For each
natural number m € N, the number m — 1 € Ny and

fim)=m-1)+1=m
so (3 is surjective. Also, if f(ny) = 5(ng), then
n+l=ny+1
and n, = ng, so [ is injective. Alternatively,

f=BT":N=>N, by g l'm)=m-1



(One can easily check with this definition of the function f on its own that
Bof=idyand fof =idy,. This means f = 7! is an inverse of 5 and 3 is a
bijection.)

(b) I've discussed a bijection between Ny and Z before, and that function ca be used
here:
if n is even

B:N—=Z by B(n) =

1, if n is odd
should do the trick.

(c) This is much more difficult and interesting. The set Z? is called the set of integer
lattice points, and the claim here is that the set of integer lattice points is
countable.

Probably the most reasonable way to proceed is by the principle of math-
ematical induction. A simple version of the principle of (mathematical) in-
duction says that if one has a subset S of the integers with the property that
1 €S and

n+1es whenever ne€s,

then S = N. In this case, I would like to define a function 3 : N — Z2, and
probably the easiest way to do this is using an inductive definition: I let .S be
the set of natural numbers for which my function /3 is defined. I need 1 € N to
be in that set. I can take for example

A1) = (0,0).

This is called the initiation or initial step. Then assuming [(n) has been
defined for n = 1,2,...,k for some k > 1, I need to define S(k + 1). This is
called the inductive step, and below I will describe an approach to completing
the inductive step so that a function g : N — Z has been defined because the
set S satisfies the inductive principle. (This is called an inductive definition.)

The idea is the following: The values of the function [ will be determined
inductively along an spiral path of elements of Z? passing through each element
of Z? exactly once. This path is suggested/indicated in Figure 1.

Fortunately, aside from the first (initial) point 5(1) = p; = (0, 0), all subsequent
points p,, fall into eight categories. Specifically, let us initiate 3(2) = p, = (1,0)
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p3 = (1,1)

p1 = (0,0)

p2=(L,0)

pr=(=1,-1)

Figure 1: A spiral path through the integer lattice in R?

as well. With £(1) and 5(2) defined, we note that 3(2) may be considered
a lower right point in the spiral. Specifically, when one considers the four
compass neighbors of py, namely

p2+(1,0) = (2,0)

pe+(0,1) =(1,1)
pa+(—1,0) = (0,0) and
p2 + (0, —1) = (1,-1)

three of these points have not been assigned as values of 3, and the one that
has is directly to the left (compass direction (—1,0) of the point p, under con-
sideration. That is, only

B(1) =(0,0) = p2 — (=1,0)
has been assigned from among these points. Thus, we see a general specification:

If B(1),5(2),...,5(k) have been defined for k& > 2 determining an
initial spiral segment A, = {3(1),(2),...,5(k)}, and

p(k) +(1,0) ¢ Ay

B(k) +(0,1) ¢ Ay
Ak) +(=1,0) = B(k = 1) and (1)
B(k) + (0, —1) & Ay,



then §(k) is identified as a lower right corner point in the spiral, and
one adds the compass direction (0, 1) to get the next assignment:

B(k+1)=p(k)+(0,1).

Notice furthermore that in this case if we take the ordered compass direc-
tions

{East, North, West, South} = {E,N, W, S} ={(1,0),(0,1),(-1,0),(0,-1)}

the assigned point in (1) is S(k — 1) and satisfies (k) = f(k — 1) + (1,0) =
Bk — 1) + E. In this case, S(k + 1) is assigned using the next compass
direction

B(k+1)=p(k)+ N.
There are seven other possibilities:
. right (E) edge points,
. upper right (NE) corner points,
. upper (N) edge points,

2
3
4
5. upper left (NW) corner points,
6. left (W) edge points,

7. lower left (SW) corner points, and
8

. lower (S) edge points.

In each case, the conditions of the four compass neighbors of the last point
[(k) of an initial spiral segment A, = {5(1), 5(2),...,3(k)} identify that point
uniquely as one of the eight types of points, and this (in turn) determines the



next function value

(k) +E, B(k) + N ¢ Ay,
(k) + W € Ay and B(k) = B(k — 1) + N

5

5

5

. B(l{:)+E,5(l{:)+N,B(kJ)+W¢Ak and
BRI +EWIE ) (k) = Bk — 1) + N

B(k)+S € Ay and B(k) = Bk — 1) + W
Blk+1) =
B(k)+ N, B(k)+ W,B(k)+S ¢ Ay and
Bk) = Blk— 1) + W
5
5
5
5

(k) +W,B(k) +8S & Ay,
(k) +E € Ay, and (k) = B(k — 1) +S

Blk) + W if{
{ (k) + W, B(k) + S, B(k) + E ¢ Ay and
(k) = Bk — 1) +
B(k) +S,8(k) + E & Ay,
| Sk +E i { B(k)+N € Ay and B(k) = B(k — 1) + E .

There are of course many details that could be checked, but I think this correctly
defines (inductively) a bijection 8 : N — Z2. The details to check are essentially
that the inductive definition is valid, i.e., the various cases cover all possibilities
and do not overlap or include any inconsistencies, and that the resulting function
is a bijection.

There are also probably other ways to carry out the inductive definition for the
spiral. There may very well be better/cleaner ways.

Rather than pursue verification of the details mentioned above, perhaps it is
more interesting to see how close one can get to a closed formula for 3(n) and
avoid induction. I think I can come pretty close.

% What is below is just scratch work and should be ignored for the moment
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For this, it may be useful to make two format changes. One is to use Ny as
the ordinal base, so that we look for a bijection f with domain Ny and starting
value f(0) at the origin. The spiral idea remains the same. The second change
is to consider the integer lattice points Z? as a subset of the complex plane.
This allows the replacement of the compass directions by the natural cycling
powers

{E,N,W,S} ={1,4,—1, =i} = {i"}72,.

Thus, we seek a formula for the values of a bijection f : Ny — Z? where
7% = {nl +ing 1 Ny, Ny € Z}

It will be convenient to make a somewhat different and more precise identifica-
tion of edges in the spiral as sides in the following way:

1. The first and second sides will be something of an exception. We take as
the first “side” the origin {0} C C. We take as the second side {1} C C
which was previously only considered as a lower right corner point {(1,0)}.
The second {1} will be a right side and the first side. The origin itself now
{0} instead of {(0,0)} was never really considered an edge.

2. The initial corner point in the remaining side (as opposed to edges) will
be included, but the last corner point will be designated as falling into the
next side. Thus, the second side is a top side {1 +4,i}. The first upper
left corner point —1 + ¢ is the first point of the third side:

{-1+1,—1}.
The fourth side is a bottom side {—1 — 4, —i, —i + 1} and so on.
I start my formula with two initial values much as before:
f(0)=0 and f(1)=1.

[ am going to use several sequences in the construction of the formula, but two
of those sequences will be taken as fundamental. There will (probably) still be
an inductive element.



As a first sequence, consider the number of points assigning to a natural number
n the number of points in side n. This sequence of values may be denoted v, so
we need

and so on. This sequence can be given by a closed formula involving the floor
function | - | : R — Z by

|z] = max{n € Z : n < z}.

It is not difficult to check that

Problem 5 Given a field F', the polynomial ring F'[X] is defined by

F[X] = {ZanX" : F'>ag,aq,a9,as,... and #{n:a, #0} < oo}.

n=0

A polynomial
S0
n=0

in F[X] is uniquely determined by the coefficients, that is, if

» a, X" and ) b X"
n=0 n=0
are polynomials in F[X], then the definition of equality is
an = by for n=20,1,2,3,....

The operation of addition on F[X] is defined by

ianX" + ian" - i(an+bn)X".
n=0 n=0 n=0



The operation of multiplication on F[X] is defined by

The scaling of a polynomial by a scalar p € F is defined by

,ui a, X" = f:,uanX".
n=0 n=0

The scalars ag, ay, as,as, ... in F for a given polynomial

>0
n=0
are called the coefficients of the polynomial. A polynomial

0X°+0X"+ -+ +aXF 40X 40X 4.

with only one nonzero coefficient a is called a monomial and may be written simply
as
aXx*.

More generally a monomial a, X" appearing in a polynomial

o0
E an X"
n=0

is called a term in the polynomial.

The following is a somewhat subtle point: The “formal symbol” X used in the
definition of the polynomial ring F[X] does not denote an element of F, so the
term a X" does not denote an operation combining a and X" nor does the formal
symbol X" denote any operation(s) involving X. More properly, there are countably
many formal symbols X% X' X2 X3 . . involved in the definition of F[X], but no
algebraic operations are defined on the formal symbols independent of those defined
on the polynomial ring F[X] as described above. Nevertheless the following formal
conventions in writing polynomials are usually employed:

(i) The formal symbol X is often omitted. Technically, this does not mean X° = 1,
though the coefficient of the term 1X% is 1 € F, and the term may be written
as 1 using only the coefficient.
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(ii) If the coefficient in a term a, X™ is 0 € F, that is the coefficient a,, = 0 is the
additive identity in F', then the entire term is often omitted.

(iii) The formal symbol X' is often denoted by X.

(iv) If n > 0 and the coefficient in a term a, X™ is 1 € F', that is the coefficient is
the multiplicative identity in F', then the coefficient is omitted.

Using these conventions, the polynomials
IXO+1X" 4+ 0X% +1X° + 0X* +0X° + - -

and
IXO 4+ 00X ' +0X2+0X2 4+ 00X +1XP +0XC +0X7 + - ..

may be expressed simply as
1+ X+X*  and 1+X°

Similarly, the zero polynomial is just written as 0 and for any other polynomial P in
F[X]\{0} there is some k for which that polynomial can be written

k
P=> a,X"
n=0
with ap # 0. For such a nonzero polynomial P, the degree is defined to be the
number k € Ny (for which a; # 0 and ag1 = agyo = agy3 = - = 0. Note I have not

written P(X) here using function notation, A (formal) polynomial in F'[X] is not a
function.

a) Show F[X] is a linear space? over F.
(a) p

A subset S of a linear space W over a field F' is a subspace of W if the operations
on W restricted to S, and the scaling of elements of W by elements of F' restricted
to S make S a linear space over F'.

To see a subset S of a linear space W is a subspace of W requires the nominal
verification of many conditions. One must show, first of all, the operation of addition
on W restricted to S is an operation on S.

2In fact, F[X] is isomorphic, i.e., linear isomorphic if one knows what that means, to the linear
space F)\ consisting of sequences (a1, as, as, ...) with a1, as, as, ... € F with #{n € N: a,, # 0} < 0
and componentwise addition and scaling. The linear space F' is a subspace of the linear space F™
of all sequences with entries in F'. Note the familiar finite dimensional spaces like R and C" are
subspaces of RN and CN.
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(b) (i) Show for each k € N the operation of multiplication on F'[X], when restricted
to the subset

{ZanX”EF[X]:ak+1:ak+2:ak+3:-~-:0} (2)
n=0

is not an operation on this subset. What about when k£ = 07

Hint: If you have trouble with this part (i), go on to part (ii) and come
back to this part.

(ii) Show the operation of addition when restricted to

{Z&an € FIX]: app1 = apyo = gy = -+ = 0}
n=0

is an operation on the subset.

Polynomials in the subset of F/[X] appearing in (2) are called polynomials
of order no more than £, and the set is denoted by

Fk[X] = {ZaanEF[X] :ak+12ak+2:ak+3:...20}.

n=0

Note Fj,[X] x Fi[X] is a subset of F[X|x F[X], so it makes sense to restrict
the addition of polynomials to Fj[X]:

+ 1 FX] % F[X] — F[X].

The question you must ask yourself here is the following: When two poly-
nomials P, and P, in Fj[X]| are added using the addition in F[X], one
knows from part (a) above that the sum P, + P, is in F[X], but is it true
that P, + P, € F;[X] so that the codomain of the addition may also be
made smaller

(Note the answer was “no” in part (i) just above for multiplication.)

Part (ii) just above is the verifiction that the operation of addition is closed
on Fi[X]. One also says simply that the subset Fj[X] is closed under addition.

(iii) Verify the addition + : Fj[X] x Fj[X] — F}[X] makes Fj[X] an Abelian
group. Hint: The field F is an Abelian group.
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The next step in the verification that Fj[X] is a subspace of F[X] is showing
the scaling on F[X] when restricted to Fj[X] gives a scaling by elements of
the field F' on F;[X], that is F}[X] is closed under scaling. When that is
done, one still needs to verify conditions (LS1), (LS2), (LS3), (LS4) in the
definition of a linear space given above.

(iv) Show that in general if a subset S of a linear space W is nonempty, closed
under addition and closed under scaling, then S is a subspace of W.

(c) Is Fy[X] a ring?
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Problem 6 (finite and infinite dimension) From Problem 5 above, you should be
familiar with (or at least know about) the linear space F[X] of polynomials with
coefficients in a field F' and the subsepace Fi[X] for k € N.

(a) Find k£ + 1 polynomials Py, Py, P, ..., P, in Fi[X] for which every polynomial
P € F,[X] may be expressed as

k
P=> bP,. (3)
/=0

(b) Are the polynomials you found in part (a) above unique? That is, are they the
only polynomials you might have found?

An expression like that contained in (3) is called a linear combination of the
polynomials Py, Py, Ps, ..., P.. Like a polynomial itself the linear combination has
coefficients b, b1, bo, . . ., by.

(c) Show the collection
{Zbﬂ}g:m €N, by,by,...,b, € Fand vy,v9,...,0, € S} (4)
=1

is a subspace of a linear space W (over a field F') whenever S is any subset of
W. Hint: Use part (b)(iv) of Problem 5 above.

The subspace appearing in (4) is called the span of the set S and is denoted

span(S) = {Zbgvg:meN, bi,ba, ..., by € F and vy, vg, ..., 0y, GS}

=1
If there is a subset S of linear space W with #(S) < oo and
span(S) = W,
then W is said to be finitely generated or finite dimensional.
(d) Is F[X] finite dimensional?

A linear space which is not finite dimensional is said to be infinite dimensional.
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Problem 7 (spanning sets, Boas 3.8.2) A subset S of a linear space W is said to
be a spanning set if span(S) = W. One of the most important facts about finite
dimensional linear spaces is that all spanning sets S fall into two categories:

(A) There exists a proper subset R of S for which span(R) = W. By proper one
means R C S but R # S.

(B) If one excludes a single element v of S, then R = S\{v} is no longer a spanning
set: span(S\{v}) is a proper subset (and a proper subspace) of W.

Recall that
@:{S:QEN,])EZ}
is the field of rational numbers. Consider the linear space
W =span{l —2X +3X? 1+ X + X% -2+ X —4X? 3 +5X?} C Q[X].
(a) Determine if each of the following sets is a spanning set for W,

(i) {1+ X+ X% -2+ X —4X?%3+5X?%}
(i) {1—-2X +3X?% -2+ X —4X?% 3+5X?}
(iii) {1 —2X +3X% 1+ X + X% 3+5X?}
(iv) {1 -2X +3X% 14+ X + X? -2+ X —4X?}
(v) {-2+X —4X23+5X?%}

(vi) {1+ X + X% 3+5X?}

(vii) {1+ X +X? -2+ X —4X?}

(viii) {1 —2X +3X? 3+5X?}

(ix) {1 —-2X +3X? -2+ X —4X?}

(x) {1 -2X+3X%1+ X+ X?%}

(xi) {3+5X7?}

(xii) {-2+ X —4X7?}

(xiil) {1+ X + X?}

(xiv) {1 —2X +3X?}

(b) For each spanning set for W you found in part (b) determine if that set is a
category (A) spanning set or a category (B) spanning set.
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Problem 8 (spanning sets, Boas 3.8.2)

(a) Find the cardinality of each category (A) spanning set you found in part (b) of
Problem 7.

(b) Find the cardinality of each category (B) spanning set you found in part (b) of
Problem 7.

(c) True or False: Every category (A) spanning set has the same number of elements.

Problem 9 (evaluation of polynomials) Given any polynomial

o0
E a, X"
n=0

in F'[X], there exists a unique function p : I — F with values

p(z) = Z apx”. (5)
n=0
Note that we have defined (at least) two functions here. For each P € F[X] we have
defined a function p: F' — F.
But also (at another level) I have defined a function with domain the polynomials
F[X] and codomain the collection of all functions f : F — F (with domain F' and
codomain F'). Let us call the collection

{f: fis a function from F to F'}
of all functions f: FF — F
Aut(F)={f: fisa function from F to F'}.

These functions are also called the automorphisms of F', though the term auto-
morphism may also be used in various restricted contexts. For example sometimes
the term “automorphism” refers to linear functions with a fixed domain W and also
with the codomain W, or “automorphism” might refer to a group homomorphism
¢ : G — G from a group G to itself. The basic meaning is that the domain and
codomain are the same.®> In the present context, the domain and codomain are the
same field F'.

3Strange but true: The collection of automorphisms f : S — S on a given set S is sometimes
denoted by S°.
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Let us denote this second function by ® : F[X] — Aut(F') with values

o (Z anX"> =p
n=0
where p € Aut(F') has values given in (5).

(a) Define (natural) addition and scaling on Aut(F') so that Aut(F') is a linear space
over F'.

The range (or image)

B(F(X)) = {q> (i anX"> : ianX” e F(X)}

of @ is called the collection of polynomial functions on F' and is denoted P(F').
Given an element x € F', the evaluation of the polynomial

in F[X] is the value

That is, the evaluation if the value of

at x € F'. Evaluate the following polynomials at 0 € F' and 1 € F"
(b) X +4X? with FF=R.

(c) X +4X? with F = Zs = {0,1,2,3,4}.
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Problem 10 (algebraically complete) Given a polynomial

o
g a, X"
n=0

in F[X] and an element = € F, we say z is a root or zero of

o0
>0
n=0

if the evaluation of .
>0
n=0

at xis0 e F.

(a) Find the roots of the following polynomials:

(i) X + X% e Q[x].
(i) —2+ X2 € R[X].
(i) X + X2 € Z,[X].

(b) A field F is said to be algebraically complete if every polynomial

o0
E a, X"
n=0

in F[X] has a root in F. Determine if the following fields are algebraically
complete:

(i) Q
(i) R
(iii) Z
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Things to think about:

1.

(Problem 7) Given a finite dimensional linear space W is it possible to find two
category (B) subsets with different numbers of elements?

(Problem 9) Is the collection of polynomial functions P(F’) a subspace of Aut(F')?

(Problem 9) Can you give an example of a field F' for which P(F') is infinite
dimensional? How do you know your example is infinite dimensional?

(Problem 9) Can you give an example of a field for which P(F) is finite dimen-
sional?

(Problem 9) Note that by definition ® : F[X] — P(F) is surjective. Can you
give an example of a field F' for which ® : F[X] — P(F') is not injective?
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