Math 6327 Real Analysis Problems 1.4

1. If B C P(X) is closed under complements and finite unions (i.e., is an algebra) and is
also closed under countable disjoint unions, then B is closed under countable unions
(i.e., is a o-algebra).

2. Assume that

A= E
HeA = g

where 1 is a measure on A, i.e., given A C X, find a set E, € A such that F, C A
and uFE, = p,A. This is inner approximation by measurable sets. Use this to simplify
the proof given in class of Lemma C: The Carathéodory condition is equivalent to

A = putA.
3. Consider
Ao ={U_1(aj,bj] : 0< a1 <by <ag<by <+ <ap < by, <1}

and o : Ag — [0,00) by

o (Ui (a;,b5]) = D0 (b; — ay).

7j=1
a) Show that 4, is an algebra.
b) Show that p is well defined.
(c) Show that p is a premeasure.
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d) Let p* be the outer measure derived from the premeasure py and show that the
I
outer) measure of any interval is its length.
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