
Math 6327 Real Analysis Problems 1.3

1. (n.b., 1.4.18,22) Given a measure µ defined on a sigma algebra A of subsets of X,
define µ∗ : P(X) → [0,∞] by

µ∗E = inf
A3A⊃E

µA.

Show the following:

(a) µ∗ is an outer measure.

(b) µ∗(Z) = 0 if and only if there exists A ∈ A with Z ⊂ A and µA = 0.

(c) Let Ā = {A ∪ Z : A ∈ A and µ∗Z = 0}, and define µ̄ : Ā → [0,∞] by

µ̄(A ∪ Z) = µA.

Show that Ā is a σ-algebra and µ̄ is a measure.
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